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♥♦✈♦ ♣❛1 ❞❡ ❈♦❞❛③③✐ ♥❛ #✉♣❡1❢;❝✐❡ Σ✱ ❝✉❥❛ ❞✐❢❡1❡♥❝✐❛❧ ❞❡ ❍♦♣❢ > ❤♦❧♦♠♦1❢❛✱ ❡ ❡#)❡ ♥♦✈♦ ♣❛1

❢♦1♥❡❝❡ ✐♥❢♦1♠❛ !❡# ❣❡♦♠>)1✐❝❛# #♦❜1❡ ♦ ♣❛1 ✐♥✐❝✐❛❧✳ ◆❡#)❡ ❝❛#♦✱ )1❛❜❛❧❤❛♠♦# ❝♦♠ ♣❛1❡# ❞❡

❲❡✐♥❣❛1)❡✐♥ ❡#♣❡❝✐❛✐#✳

❋✐♥❛❧♠❡♥)❡✱ ♥♦ ❝❛♣;)✉❧♦ 3✱ ♠♦#)1❛♠♦# ✉♠❛ ❛♣❧✐❝❛ .♦ ❞❛ )❡♦1✐❛ ❞❡ ♣❛1❡# ❞❡ ❈♦❞❛③③✐ ♣❛1❛

❝❧❛##✐✜❝❛1 ❛# #✉♣❡1❢;❝✐❡# ❞❡ ❲❡✐♥❣❛1)❡♥ ❡#♣❡❝✐❛✐# ❡❧;♣)✐❝❛# ❡♠ R
3
✱ 0✉❡ #❛)✐#❢❛③❡♠ ♦ ♣1✐♥❝;♣✐♦

❞♦ ♠E①✐♠♦ ❞❡ ❍♦♣❢✳ ❆❧>♠ ❞✐##♦✱ ❡#)✐♠❛♠♦# ❛ ❛❧)✉1❛ ♠E①✐♠❛ 0✉❡ ✉♠❛ #✉♣❡1❢;❝✐❡ ❞❡#)❛ ❝❧❛##❡

❞❡ #✉♣❡1❢;❝✐❡# ❛)✐♥❣❡✳

❯♥✐✈❡$,✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛, ✲ ❯❋❆▼
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)*❡❧✐♠✐♥❛*❡/

❆♦ ❧♦♥❣♦ ❞❡'(❡ ❝❛♣,(✉❧♦✱ ✉♠❛ ✈❛1✐❡❞❛❞❡ ❞✐❢❡1❡♥❝✐4✈❡❧ ❜✐❞✐♠❡♥'✐♦♥❛❧ ♦✉ '✐♠♣❧❡'♠❡♥(❡ '✉✲

♣❡1❢,❝✐❡ ❞✐❢❡1❡♥❝✐4✈❡❧✱ '❡14 ❞❡♥♦(❛❞❛ ♣♦1 Σ✳ ❱❛♠♦' '✉♣♦1 9✉❡ (❛❧ '✉♣❡1❢,❝✐❡ : ♦1✐❡♥(4✈❡❧✱ ❡

9✉❡ '❡1 ❞✐❢❡1❡♥❝✐4✈❡❧ : '❡♠♣1❡ ❞❡ ❝❧❛''❡ C∞✳
;❛1❛ ✉♠❛ ♠❡❧❤♦1 ❝♦♠♣1❡❡♥'=♦ ❞♦ (1❛❜❛❧❤♦ ❛ '❡1 ❛♣1❡'❡♥(❛❞♦✱ ♣1✐♠❡✐1❛♠❡♥(❡ ❞❡'(❛❝❛✲

♠♦' 1❡'✉❧(❛❞♦' ❡ ❞❡✜♥✐?@❡' ❡''❡♥❝✐❛✐' ♣❛1❛ ♦ '❡✉ ❞❡'❡♥✈♦❧✈✐♠❡♥(♦✳ ;❛1❛ ♠❛✐' ✐♥❢♦1♠❛?@❡'

❝♦♥'✉❧(❛1 ❬✾❪✳ ❆❝❤❛♠♦' ❝♦♥✈❡♥✐❡♥(❡ ♥=♦ ❛♣❡♥❛' ❡♥✉♥❝✐4✲❧♦' ❡ '✐♠ ❞❡♠♦♥'(14✲❧♦'✱ ♣♦✐' '❡1✈❡♠

❞❡ ♣1:✲1❡9✉✐'✐(♦' ♣❛1❛ ♦' ❞❡♠❛✐' ❝❛♣,(✉❧♦'✳ ❈♦♠❡?❛♠♦' ♣❡❧❛ ❞❡✜♥✐?=♦ ❞❡ ♣❛" ❢✉♥❞❛♠❡♥)❛❧✳

✶✳✶ "❛$ ❋✉♥❞❛♠❡♥+❛❧

❙❡❥❛♠ Σ ✉♠❛ '✉♣❡1❢,❝✐❡ ❡ (U, ϕ) ✉♠ '✐'(❡♠❛ ❞❡ ❝♦♦1❞❡♥❛❞❛' ❡♠ ✉♠ ♣♦♥(♦ p ∈ Σ✱ ❝♦♠

U ⊂ Σ ❡ ϕ = (x, y)✳ ■♥❞✐❝❛♠♦' ♣♦1 TpΣ ♦ ♣❧❛♥♦ (❛♥❣❡♥(❡ ❛ Σ ❡♠ p✱ ❝✉❥❛ ❜❛'❡ ❛''♦❝✐❛❞❛ ❛ ϕ

:

{
∂

∂x
,
∂

∂y

}
✳

❖ ♣❧❛♥♦ ❝♦(❛♥❣❡♥(❡✱ ❞❡♥♦(❛❞♦ ♣♦1 T ∗pΣ✱ : ♦ ❡'♣❛?♦ ❞✉❛❧ ❞❡ TpΣ✱ ❝♦♠ ❜❛'❡ {dx, dy}✳
❆❧:♠ ❞✐''♦✱ X(Σ) 1❡♣1❡'❡♥(❛ ♦ ❝♦♥❥✉♥(♦ ❞♦' ❝❛♠♣♦' ❞❡ ✈❡(♦1❡' ❞✐❢❡1❡♥❝✐4✈❡✐' ❡♠ Σ✱ ❡ C∞(Σ)
♦ ❝♦♥❥✉♥(♦ ❞❛' ❢✉♥?@❡' 1❡❛✐' ❞✐❢❡1❡♥❝✐4✈❡✐' ❡♠ Σ✳

❉❡✜♥✐%&♦ ✶✳✶✳ ❯♠ ♣❛" ❢✉♥❞❛♠❡♥)❛❧ ❡♠ ✉♠❛ ,✉♣❡"❢-❝✐❡ Σ 0 ✉♠ ♣❛" (I, II) ❞❡ ❢♦"♠❛,

2✉❛❞"3)✐❝❛, "❡❛✐,✱ ♦♥❞❡ I 0 ✉♠❛ ♠0)"✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛✳

❆''♦❝✐❛❞♦ ❛♦ ♣❛1 ❢✉♥❞❛♠❡♥(❛❧ (I, II) ❡'(4 ♦ ♦♣❡1❛❞♦1 ❞❡ ❲❡✐♥❣❛1(❡♥ S : X(Σ)→ X(Σ)✱

❞❡✜♥✐❞♦ ♣♦1

II(X, Y ) = I(SX, Y ), ∀ X, Y ∈ X(Σ). ✭✶✳✶✮

❊'(❛ ❞❡✜♥✐?=♦ : ♠♦(✐✈❛❞❛ ♣❡❧❛ (❡♦1✐❛ ❞❡ '✉♣❡1❢,❝✐❡' ✐♠❡1'❛' ❡♠ ✉♠❛ ✈❛1✐❡❞❛❞❡ ❘✐❡♠❛♥✲

♥✐❛♥❛ ❞❡ ❞✐♠❡♥'=♦ 3✳ ❉❡ ✉♠❛ ❢♦1♠❛ ❣❡1❛❧ ♣❛1❛ ✉♠❛ ✈❛1✐❡❞❛❞❡ ❞✐❢❡1❡♥❝✐4✈❡❧ ❞❡ ❞✐♠❡♥'=♦ n

✐♠❡1'❛ ❡♠ ✉♠❛ ✈❛1✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥'=♦ n+m✱ m ≥ 1✱ ❝♦♠♦ ♣♦❞❡ '❡1 ✈✐'(♦✱ ♣♦1

❡①❡♠♣❧♦✱ ♥❛' 1❡❢❡1Q♥❝✐❛' ❬✻❪ ❡ ❬✼❪✳ ❆''✐♠✱ ❞❛1 ✉♠ ♣❛1 ❢✉♥❞❛♠❡♥(❛❧ ❡♠ Σ : ❡9✉✐✈❛❧❡♥(❡ ❛ ❞❛1

✉♠❛ ♠:(1✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ I ❡♠ Σ✱ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♠❡1'=♦✱ ❡ ✉♠ ♦♣❡1❛❞♦1 S ❛✉(♦✲❛❞❥✉♥(♦✱

✈✐'(♦ 9✉❡ ❛ '❡❣✉♥❞❛ ❢♦1♠❛ ❢✉♥❞❛♠❡♥(❛❧ II ✜❝❛ ❝♦♠♣❧❡(❛♠❡♥(❡ ❞❡(❡1♠✐♥❛❞❛ ♣♦1 I ❡ S✳

✸
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❊♠ ♣❛$%✐❝✉❧❛$✱ %❡♠♦- ❛ -❡❣✉✐♥%❡ ❞❡✜♥✐23♦✳

❉❡✜♥✐12♦ ✶✳✷✳ ❆ ❝✉#✈❛&✉#❛ ♠(❞✐❛ H ❡ ❛ ❝✉#✈❛&✉#❛ ❡①&#-♥/❡❝❛ Ke ❛//♦❝✐❛❞❛/ ❛♦ ♣❛# (I, II)✱

/3♦ ❞❡✜♥✐❞❛/ ❡♠ &❡#♠♦/ ❞♦/ ❝♦❡✜❝✐❡♥&❡/ ❞❛ ♣#✐♠❡✐#❛ ❡ /❡❣✉♥❞❛ ❢♦#♠❛/ ❢✉♥❞❛♠❡♥&❛✐/ ♣♦#

H = H(I, II) =
Eg − 2Ff +Ge

2(EG− F 2)
, ✭✶✳✷✮

Ke = K(I, II) =
eg − f 2

EG− F 2
, ✭✶✳✸✮

♦♥❞❡

I = Edx2 + 2Fdxdy +Gdy2, ✭✶✳✹✮

II = edx2 + 2fdxdy + gdy2, ✭✶✳✺✮

♣❛#❛ ♣❛#7♠❡&#♦/ ❧♦❝❛✐/ (x, y) ∈ Σ✱ ❡♠ 9✉❡ E,F,G, e, f, g ∈ C∞(U)✳

❆❧=♠ ❞✐--♦✱ ❛- ❝✉$✈❛%✉$❛- ♣$✐♥❝✐♣❛✐- ❞♦ ♣❛$ ❢✉♥❞❛♠❡♥%❛❧ (I, II) -3♦

k1 = H +
√

H2 −Ke ✭✶✳✻✮

❡

k2 = H −
√

H2 −Ke, ✭✶✳✼✮

❡♠ B✉❡ k1 = ❛ ❝✉$✈❛%✉$❛ ♠C①✐♠❛ ❡ k2 ❛ ❝✉$✈❛%✉$❛ ♠E♥✐♠❛✱ ✐-%♦ =✱ k1 ≥ k2✳

❆ ♣❛$%✐$ ❞❡ ❛❣♦$❛✱ ✈❛♠♦- %$❛❜❛❧❤❛$ ❝♦♠ ♦- $❡-✉❧%❛❞♦- ❞❡ ●❡♦♠❡%$✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠✲

♣❧❡①✐✜❝❛❞♦-✳ K❛$❛ ✐-%♦ ✐❞❡♥%✐✜B✉❡♠♦- ❛ ♣❛$❛♠❡%$✐③❛23♦ (x, y) ❡♠ U ⊂ Σ✱ ♦♥❞❡ Σ $❡♣$❡-❡♥%❛

✉♠❛ -✉♣❡$❢E❝✐❡ ❞❡ ❘✐❡♠❛♥♥✱ ❝♦♠ ♦ ♣❛$M♠❡%$♦ ❝♦♠♣❧❡①♦ z = x+ iy✱ ❡ ❞❡♥♦%❡♠♦- ♣♦$ TC

p Σ ♦

♣❧❛♥♦ %❛♥❣❡♥%❡ ❝♦♠♣❧❡①✐✜❝❛❞♦ ❞❡ TpΣ

❘❡❝♦$❞❡♠♦- B✉❡ ✉♠❛ -✉♣❡$❢E❝✐❡ ❝♦♥❡①❛ Σ = ✉♠❛ -✉♣❡$❢E❝✐❡ ❞❡ ❘✐❡♠❛♥♥ -❡ ❛❞♠✐%❡ ✉♠

❛%❧❛- A = {(Ui, ϕi)}i∈Λ %❛❧ B✉❡ ϕi(Ui) ⊂ C✱ Ui ∩ Uj 6= ∅ ❡ ϕjoϕ
−1
i -3♦ -❡♠♣$❡ ❢✉♥2N❡-

❤♦❧♦♠♦$❢❛-✳

❆--✐♠✱ ❞❛❞♦ ✉♠ ♣❛$M♠❡%$♦ z = x+ iy✱ ♣♦❞❡♠♦- ❞❡✜♥✐$ ❝❛♠♣♦- ❞❡ ✈❡%♦$❡- ❡♠ U ♣♦$

∂

∂z
:=

1

2

(
∂

∂x
− i

∂

∂y

)
,

∂

∂z
:=

1

2

(
∂

∂x
+ i

∂

∂y

)
,

❞❡ ♠♦❞♦ B✉❡

{
∂

∂z
,
∂

∂z

}
= ✉♠❛ ❜❛-❡ ❞❡ TC

p Σ✳

❉❡✜♥✐♠♦- ❛ ❜❛-❡ ❞✉❛❧ ❞❡

{
∂

∂z
,
∂

∂z

}
✱ ❝♦♠♦ -❡♥❞♦ ❛- ✶✲❢♦$♠❛- ❝♦♠♣❧❡①❛- ❧♦❝❛✐-

dz := dx+ idy,

❯♥✐✈❡$7✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛7 ✲ ❯❋❆▼
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dz := dx− idy.

❆!✉✐✱ ✉♠❛ ❢✉♥)*♦ f : Σ→ C , ❤♦❧♦♠♦/❢❛ 0❡✱ ❡ 0♦♠❡♥2❡ 0❡✱
∂f

∂z
= 0 ♣❛/❛ 2♦❞❛ ♣❛/❛♠❡2/✐✲

③❛)*♦ ❧♦❝❛❧ ❞❡ Σ✳

❙❛❜❡♠♦0 !✉❡ 0❡ ∇ , ❛ ❝♦♥❡①*♦ ❞❡ ▲❡✈✐✲❈✐✈✐2❛ ❛00♦❝✐❛❞❛ ? ♠,2/✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ■✱ ❡♥2*♦

❡♠ ♣❛/B♠❡2/♦0 ❧♦❝❛✐0 (x, y)✱ ♦0 0C♠❜♦❧♦0 ❞❡ ❈❤/✐02♦❢❡❧❧ Γk
ij ∈ C∞(U), i, j, k = 1, 2✱ 0*♦ ❞❛❞♦0

♣♦/

∇ ∂
∂x

∂

∂x
= Γ1

11

∂

∂x
+ Γ2

11

∂

∂y
✭✶✳✽✮

∇ ∂
∂x

∂

∂y
= Γ1

12

∂

∂x
+ Γ2

12

∂

∂y
✭✶✳✾✮

∇ ∂
∂y

∂

∂y
= Γ1

22

∂

∂x
+ Γ2

22

∂

∂y
✭✶✳✶✵✮

❆ 0❡❣✉✐/ ❡0❝/❡✈❡/❡♠♦0 ❛0 ❝✉/✈❛2✉/❛0 H ❡ Ke✱ ❡ ♦0 0C♠❜♦❧♦0 ❞❡ ❈❤/✐02♦❢❡❧❧ ❝♦♠♣❧❡①✐✜❝❛❞♦0✳

✶✳✶✳✶ ❈♦♠♣❧❡①✐✜❝❛-.♦ ❞❛0 ❝✉2✈❛4✉2❛0 ♠5❞✐❛✱ ❡①427♥0❡❝❛ ❡ 07♠❜♦❧♦0

❞❡ ❈❤2✐04♦❢❡❧❧

❙❡❥❛ (z, z) ✉♠ ♣❛/B♠❡2/♦ ❝♦♠♣❧❡①♦ ❧♦❝❛❧ ❡♠ Σ✱ ♦♥❞❡ z = x+ iy ❡ Σ , ✉♠❛ 0✉♣❡/❢C❝✐❡ ❞❡

❘✐❡♠❛♥♥✳ M♦❞❡♠♦0 /❡❡0❝/❡✈❡/ I ❡ II ❝♦♠♦

I = Pdz2 + 2λ|dz|2 + Pdz2, ✭✶✳✶✶✮

II = Qdz2 + 2ρ|dz|2 +Qdz2 ✭✶✳✶✷✮

♦♥❞❡

|dz|2 = dzdz,

❡✱ ✉0❛♥❞♦ ✭✶✳✹✮ ❡ ✭✶✳✺✮✱

P = I

(
∂

∂z
,
∂

∂z

)
=
1

4
(E −G− 2iF ), ✭✶✳✶✸✮

λ = I

(
∂

∂z
,
∂

∂z

)
=
1

4
(E +G), ✭✶✳✶✹✮

P = I

(
∂

∂z
,
∂

∂z

)
=
1

4
(E −G+ 2iF ), ✭✶✳✶✺✮

Q = I

(
S

∂

∂z
,
∂

∂z

)
=
1

4
(e− g − 2if), ✭✶✳✶✻✮

❯♥✐✈❡$1✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛1 ✲ ❯❋❆▼
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ρ = I

(
S

∂

∂z
,
∂

∂z

)
=
1

4
(e+ g), ✭✶✳✶✼✮

Q = I

(
S

∂

∂z
,
∂

∂z

)
=
1

4
(e− g + 2if). ✭✶✳✶✽✮

"$♦♣♦0✐23♦ ✶✳✶✳ ❆! ❝✉$✈❛'✉$❛! ♠)❞✐❛ ❡ ❡①'$.♥!❡❝❛ ❞❡ ✉♠ ♣❛$ ❢✉♥❞❛♠❡♥'❛❧ (I, II)✱ ❡♠

❝♦♦$❞❡♥❛❞❛! ❝♦♠♣❧❡①❛!✱ !5♦ ❞❛❞❛! ♣♦$

H =
PQ− 2λρ+ PQ

2(|P |2 − λ2)
, ✭✶✳✶✾✮

Ke =
|Q|2 − ρ2

|P |2 − λ2
. ✭✶✳✷✵✮

❉❡♠♦♥!'$❛75♦✳ ❉❡ ❢❛-♦✱ ♣♦✐2 ❞❡ ✭✶✳✶✸✮ ❛ ✭✶✳✶✽✮✱ -❡♠♦2 6✉❡

|Q|2 − ρ2

|P |2 − λ2
=

QQ− ρ2

PP − λ2
=

1
16
(e− g − 2if)(e− g + 2if)− 1

16
(e+ g)2

1
16
(E −G− 2iF )(E −G+ 2iF )− 1

16
(E +G)2

=
(e− g)2 − (2if)2 − (e+ g)2

(E −G)2 − (2iF )2 − (E +G)2

=
−4eg + 4f 2

−4EG+ 4F 2
=

eg − f 2

EG− F 2
= Ke.

❉❡ ❢♦8♠❛ ❛♥:❧♦❣❛✱ ♦❜-❡♠♦2 ❛ ❝✉8✈❛-✉8❛ ♠@❞✐❛ H✳ �

❖2 2B♠❜♦❧♦2 ❞❡ ❈❤8✐2-♦❢❡❧❧ Γk
ij ∈ C∞(U) ❞❛ ❝♦♥❡①F♦ ∇ -❛♠❜@♠ ♣♦❞❡♠ 2❡8 ❝♦♠♣❧❡①✐✜❝❛✲

❞♦2✳ ◆❡2-❡ ❝❛2♦✱ -❛✐2 2B♠❜♦❧♦2 ❡2-F♦ ❛22♦❝✐❛❞♦2 ❛ ♣❛8❛♠❡-8✐③❛KF♦ (z, z)✱ ❡ 2F♦ ❞❡♥♦-❛❞♦2 ♣♦8

CΓk
ij✱ ✐2-♦ @✱

∇ ∂
∂z

∂

∂z
= CΓ1

11

∂

∂z
+ CΓ2

11

∂

∂z
, ✭✶✳✷✶✮

∇ ∂
∂z

∂

∂z
= CΓ1

12

∂

∂z
+ CΓ2

12

∂

∂z
, ✭✶✳✷✷✮

∇ ∂
∂z

∂

∂z
= CΓ1

22

∂

∂z
+ CΓ2

22

∂

∂z
. ✭✶✳✷✸✮

❍: ✉♠❛ 8❡❧❛KF♦ ❡♥-8❡ ♦2 2B♠❜♦❧♦2 ❞❡ ❈❤8✐2-♦❢❡❧❧ Γk
ij ❛22♦❝✐❛❞♦2 ❛ ♣❛8❛♠❡-8✐③❛KF♦ (x, y)✱

❡ ♦2 2B♠❜♦❧♦2 ❞❡ ❈❤8✐2-♦❢❡❧❧ CΓk
ij ❛22♦❝✐❛❞♦2 ❛ ♣❛8❛♠❡-8✐③❛KF♦ (z, z)✳

❉❡ ❢❛-♦✱

∇ ∂
∂z

∂

∂z
=

1

4
∇ ∂

∂x
−i ∂

∂y

(
∂

∂x
− i

∂

∂y

)

=
1

4

(
∇ ∂

∂x

∂

∂x
− 2i∇ ∂

∂x

∂

∂y
−∇ ∂

∂y

∂

∂y

)

=
1

4

[(
Γ1
11

∂

∂x
+ Γ2

11

∂

∂y

)
− 2i

(
Γ1
12

∂

∂x
+ Γ2

11

∂

∂y

)
−

(
Γ1
22

∂

∂x
+ Γ2

22

∂

∂y

)]

=
1

4

[(
Γ1
11 − 2iΓ1

12 − Γ1
22

) ∂

∂x
+

(
Γ2
11 − 2iΓ2

12 − Γ2
22

) ∂

∂y

]

❯♥✐✈❡$0✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛0 ✲ ❯❋❆▼
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=
1

4

[(
Γ1
11 − 2iΓ1

12 − Γ1
22

)( ∂

∂z
+

∂

∂z

)
+

(
Γ2
11 − 2iΓ2

12 − Γ2
22

)(
i
∂

∂z
− i

∂

∂z

)]

=
1

4

(
Γ1
11 − 2iΓ1

12 − Γ1
22 + iΓ2

11 + 2Γ2
12 − iΓ2

22

) ∂

∂z

+
1

4

(
Γ1
11 − 2iΓ1

12 − Γ1
22 − iΓ2

11 − 2Γ2
12 + iΓ2

22

) ∂

∂z

∇ ∂
∂z

∂

∂z
=

1

4

[(
Γ1
11 − Γ1

22 + 2Γ2
12

)
+ i

(
Γ2
11 − Γ2

22 − 2Γ1
12

)] ∂

∂z

+
1

4

[(
Γ1
11 − Γ1

22 − 2Γ2
12

)
− i

(
Γ2
11 − Γ2

22 + 2Γ1
12

)] ∂

∂z
,

♦♥❞❡

∂

∂x
=

∂

∂z
+

∂

∂z
,

∂

∂y
= i

(
∂

∂z
− ∂

∂z

)
.

▲♦❣♦✱ ❛ ♣❛)*✐) ❞❡ ✭✶✳✷✶✮✱ *❡♠♦2

CΓ1
11 =

1

4

[(
Γ1
11 − Γ1

22 + 2Γ2
12

)
+ i

(
Γ2
11 − Γ2

22 − 2Γ1
12

)]
,

CΓ2
11 =

1

4

[(
Γ1
11 − Γ1

22 − 2Γ2
12

)
− i

(
Γ2
11 − Γ2

22 + 2Γ1
12

)]
.

❉❡ ❢♦)♠❛ ❛♥5❧♦❣❛✱ ✉2❛♥❞♦ ✭✶✳✷✷✮ ❡ ✭✶✳✷✸✮✱ ♦❜*❡♠♦2

CΓ1
12 =

1

4

[
Γ1
11 + Γ1

22 + i
(
Γ2
11 + Γ2

22

)]
,

CΓ2
12 =

1

4

[
Γ1
11 + Γ1

22 − i
(
Γ2
11 + Γ2

22

)]
,

CΓ1
22 =

1

4

[
Γ1
11 − Γ1

22 − 2Γ2
12 + i

(
Γ2
11 − Γ2

22 + 2Γ1
12

)]
,

CΓ2
22 =

1

4

[
Γ1
11 − Γ1

22 + 2Γ2
12 − i

(
Γ2
11 − Γ2

22 − 2Γ1
12

)]
.

◆♦*❡ ;✉❡✱

CΓ1
11 = CΓ2

22,

CΓ2
11 = CΓ1

22,

CΓ1
12 = CΓ2

12.

❯♥✐✈❡$1✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛1 ✲ ❯❋❆▼
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"$♦♣♦0✐23♦ ✶✳✷✳ ❊♠ ❝♦♦$❞❡♥❛❞❛) ❝♦♠♣❧❡①❛) (z, z) ❡)❝$❡✈❡♠♦)

CΓ1
11 =

1

2(|P |2 − λ2)

(
PPz − 2λλz + λPz

)
, ✭✶✳✷✹✮

CΓ2
11 = − 1

2(|P |2 − λ2)
(PPz − 2Pλz + λPz) , ✭✶✳✷✺✮

CΓ1
12 =

1

2(|P |2 − λ2)

(
PPz − λP z

)
, ✭✶✳✷✻✮

CΓ2
12 =

1

2(|P |2 − λ2)

(
PP z − λPz

)
, ✭✶✳✷✼✮

CΓ1
22 = − 1

2(|P |2 − λ2)

(
PPz − 2Pλz + λP z

)
, ✭✶✳✷✽✮

CΓ2
22 =

1

2(|P |2 − λ2)

(
PP z − 2λλz + λP z

)
. ✭✶✳✷✾✮

❉❡♠♦♥)/$❛01♦✳ ❈♦♠ ❡❢❡✐1♦✱ ❞❡ ✭✶✳✷✶✮ ♦❜1❡♠♦5

I

(
∇ ∂

∂z

∂

∂z
,
∂

∂z

)
= CΓ1

11I

(
∂

∂z
,
∂

∂z

)
+ CΓ2

11I

(
∂

∂z
,
∂

∂z

)
,

I

(
∇ ∂

∂z

∂

∂z
,
∂

∂z

)
= CΓ1

11I

(
∂

∂z
,
∂

∂z

)
+ CΓ2

11I

(
∂

∂z
,
∂

∂z

)
.

❉❛8✱ ♣♦: ✭✶✳✶✸✮✱ ✭✶✳✶✹✮ ❡ ✭✶✳✶✺✮✱

I

(
∇ ∂

∂z

∂

∂z
,
∂

∂z

)
= CΓ1

11P + CΓ2
11λ,

I

(
∇ ∂

∂z

∂

∂z
,
∂

∂z

)
= CΓ1

11λ+ CΓ2
11P .

<♦: ♦✉1:♦ ❧❛❞♦✱ ✉5❛♥❞♦ ❛ ❝♦♠♣❛1✐❜✐❧✐❞❛❞❡ ❞❡ ∇ ❝♦♠ ❛ ♠A1:✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ■ ❡ ✭✶✳✶✸✮✲

✭✶✳✶✹✮✱ ♦❜1❡♠♦5

I

(
∇ ∂

∂z

∂

∂z
,
∂

∂z

)
=

1

2

∂

∂z
I

(
∂

∂z
,
∂

∂z

)
=
1

2

∂

∂z
P =

1

2
Pz

❡

I

(
∇ ∂

∂z

∂

∂z
,
∂

∂z

)
=

∂

∂z
I

(
∂

∂z
,
∂

∂z

)
− I

(
∂

∂z
,∇ ∂

∂z

∂

∂z

)

=
∂

∂z
λ− I

(
∂

∂z
,∇ ∂

∂z

∂

∂z

)

= λz −
1

2

∂

∂z
I

(
∂

∂z
,
∂

∂z

)

= λz −
1

2

∂

∂z
P = λz −

1

2
Pz.

❆55✐♠✱ ❝♦♠♣❛:❛♥❞♦ ❛5 ✐❣✉❛❧❞❛❞❡5 ❛❝✐♠❛✱ ♦❜1❡♠♦5 ♦ 5❡❣✉✐♥1❡ 5✐51❡♠❛

❯♥✐✈❡$0✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛0 ✲ ❯❋❆▼
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{
PCΓ1

11 + λCΓ2
11 = 1

2
Pz

λCΓ1
11 + PCΓ2

11 = λz − 1
2
Pz,

 ✉❡ ✐♠♣❧✐❝❛ ❡♠

(
P λ

λ P

)(
CΓ1

11

CΓ2
11

)
=

(
1
2
Pz

λz − 1
2
Pz

)
.

▼❛* ❛ ♠❛+,✐③

(
P λ

λ P

)
. ✐♥✈❡,+1✈❡❧✱ ♣♦✐* I . ✉♠❛ ♠.+,✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛✳ ▲♦❣♦

(
CΓ1

11

CΓ2
11

)
=

(
P λ

λ P

)−1 (
1
2
Pz

λz − 1
2
Pz

)

(
CΓ1

11

CΓ2
11

)
=

1

PP − λ2

(
P −λ
−λ P

)(
1
2
Pz

λz − 1
2
Pz

)

(
CΓ1

11

CΓ2
11

)
=

1

|P |2 − λ2

(
1
2
PPz − λλz +

λ
2
Pz

−λ
2
Pz + Pλz − 1

2
PPz

)

(
CΓ1

11

CΓ2
11

)
=

(
1

2(|P |2−λ2)
(PPz − 2λλz + λPz)

− 1
2(|P |2−λ2)

(λPz − 2Pλz + PPz)

)
.

8❡❧❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ♠❛+,✐③❡*✱ ❝♦♥❝❧✉1♠♦*  ✉❡

CΓ1
11 =

1

2(|P |2 − λ2)
(PPz − 2λλz + λPz),

CΓ2
11 = − 1

2(|P |2 − λ2)
(λPz − 2Pλz + PPz).

❖! ❞❡♠❛✐! ❝❛!♦! !)♦ ❝❛❧❝✉❧❛❞♦! ❞❡ ❢♦-♠❛ ❛♥/❧♦❣❛✳ �

✶✳✶✳✷ #❛%❛♠❡(%✐③❛+,❡- ❊-♣❡❝✐❛✐-

❯♠❛ ♦✉3-❛ ♠❛♥❡✐-❛ ❞❡ 3-❛❜❛❧❤❛- ❝♦♠ ✉♠ ♣❛- ❢✉♥❞❛♠❡♥3❛❧ (I, II) ❡♠ ✉♠❛ !✉♣❡-❢7❝✐❡ Σ 8

❛3-❛✈8! ❞❛! ♣❛-❛♠❡3-✐③❛;<❡! ❡!♣❡❝✐❛✐! ✐!♦#$%♠✐❝❛! ❡ ❞✉♣❧❛♠❡♥#❡ ♦%#♦❣♦♥❛✐!✱ >✉❡ ❞❡✜♥✐-❡♠♦!

❛ !❡❣✉✐-✳

❉❡✜♥✐%&♦ ✶✳✸ ✭A❛-B♠❡3-♦! ■!♦38-♠✐❝♦!✮✳ ❉✐③❡♠♦! 2✉❡ ♦! ♣❛%3♠❡#%♦! ❧♦❝❛✐! (x, y) !4♦ ✐!♦#$%✲

♠✐❝♦! ❝♦♠ %❡❧❛64♦ 7 ♠$#%✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ I = Edx2+2Fdxdy+Gdy2✱ 2✉❛♥❞♦ E = G > 0

❡ F = 0✳

❉❡✜♥✐%&♦ ✶✳✹ ✭A❛-B♠❡3-♦ ❈♦♥❢♦-♠❡✮✳ ❉✐③❡♠♦! 2✉❡ ♦ ♣❛%3♠❡#%♦ ❝♦♠♣❧❡①♦ z = x + iy $

✉♠ ♣❛%3♠❡#%♦ ❝♦♥❢♦%♠❡ ❝♦♠ %❡❧❛64♦ 7 ♠$#%✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ I = Pdz2 + 2λ|dz|2 + Pdz2✱

2✉❛♥❞♦ P = 0✳

❯♥✐✈❡./✐❞❛❞❡ ❋❡❞❡.❛❧ ❞♦ ❆♠❛③♦♥❛/ ✲ ❯❋❆▼
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❖❜0❡$✈❛23♦ ✶✳✶✳ ❖ ♣❛#$♠❡'#♦ ❝♦♠♣❧❡①♦ z = x+ iy , ✉♠ ♣❛#$♠❡'#♦ ❝♦♥❢♦#♠❡ ♣❛#❛ I 0❡✱ ❡

0♦♠❡♥'❡ 0❡✱ (x, y) 02♦ ♣❛#$♠❡'#♦0 ✐0♦',#♠✐❝♦0✳

❆!!✐♠✱ ❝♦♥!✐❞❡*❛♥❞♦ ✉♠ ♣❛*.♠❡/*♦ ❝♦♥❢♦*♠❡ z✱ ♦❜/❡♠♦! ❡2✉❛34❡! ♣❛*❛ ✉♠❛ ♣❛* ❢✉♥❞❛✲

♠❡♥/❛❧ (I, II)✱ ❡①♣*❡!!❛! ♥❛! ♣*♦♣♦!✐34❡! ❛❜❛✐①♦✳

"$♦♣♦0✐23♦ ✶✳✸✳ ❙❡❥❛♠ (I, II) ✉♠ ♣❛# ❢✉♥❞❛♠❡♥'❛❧ ❡♠ ✉♠❛ 0✉♣❡#❢8❝✐❡ Σ ❡ z ✉♠ ♣❛#$♠❡'#♦

❝♦♥❢♦#♠❡ ❧♦❝❛❧ ♣❛#❛ I✳ ❊♥'2♦

I = 2λ|dz|2, ✭✶✳✸✵✮

II = Qdz2 + 2Hλ|dz|2 +Qdz2. ✭✶✳✸✶✮

❆❧,♠ ❞✐00♦✱

Ke = H2 − |Q|
2

λ2
, ✭✶✳✸✷✮

S
∂

∂z
= H

∂

∂z
+

Q

λ

∂

∂z
, ✭✶✳✸✸✮

S
∂

∂z
=

Q

λ

∂

∂z
+H

∂

∂z
. ✭✶✳✸✹✮

❉❡♠♦♥0'#❛<2♦✳ ❈♦♠♦ P = 0✱ ♣♦✐! z A ✉♠ ♣❛*.♠❡/*♦ ❝♦♥❢♦*♠❡ ❧♦❝❛❧✱ ❡♥/B♦ ✭✶✳✶✾✮ !❡ *❡❞✉③ ❛

H =
ρ

λ
. ✭✶✳✸✺✮

❉❛G✱ ✭✶✳✸✵✮ ❡ ✭✶✳✸✶✮ !❡❣✉❡♠ ❞❛ !✉❜!/✐/✉✐3B♦ ❞❡ ✭✶✳✸✺✮ ❡ P = 0 ❡♠ ✭✶✳✶✶✮ ❡ ✭✶✳✶✷✮✳ ❙✉❜!/✐/✉✐♥❞♦

/❛♠❜A♠ ✭✶✳✸✺✮ ❡ P = 0 ❡♠ ✭✶✳✷✵✮✱ ♦❜/❡♠♦! ✭✶✳✸✷✮✳

❙❡❥❛ S ♦ ♦♣❡*❛❞♦* ❞❡ ❲❡✐♥❣❛*/❡✐♥ ❛!!♦❝✐❛❞♦ ❛♦ ♣❛* (I, II)✳ L♦❞❡♠♦! ❡!❝*❡✈❡* ❢✉♥34❡!

❝♦♠♣❧❡①❛! ❧♦❝❛✐! a ❡ b ♣♦*✿

S
∂

∂z
= a

∂

∂z
+ b

∂

∂z
.

❆♣❧✐❝❛♥❞♦ ♦ ♣*♦❞✉/♦ ✐♥/❡*♥♦ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛♥/❡*✐♦* ♣♦*

∂

∂z
✱ ❡ ❞❡♣♦✐! ❢❛③❡♥❞♦ ♦ ♠❡!♠♦

♣❛*❛

∂

∂z
✱ /❡♠♦! *❡!♣❡❝/✐✈❛♠❡♥/❡ 2✉❡

Q = I

(
S

∂

∂z
,
∂

∂z

)
= bλ,

λH = I

(
S

∂

∂z
,
∂

∂z

)
= aλ,

❞♦♥❞❡ !❡❣✉❡ ✭✶✳✸✸✮✳

❆♥❛❧♦❣❛♠❡♥/❡✱ ❡♥❝♦♥/*❛♠♦! ✭✶✳✸✹✮✳ �

❖❜0❡$✈❛23♦ ✶✳✷✳ ❉❛❞♦ ✉♠ ♣❛# ❢✉♥❞❛♠❡♥'❛❧ (I, II) ❡♠ ✉♠❛ 0✉♣❡#❢8❝✐❡ Σ✱ II , ✉♠❛ ♠,'#✐❝❛

❘✐❡♠❛♥♥✐❛♥❛ 0❡✱ ❡ 0♦♠❡♥'❡ 0❡✱ Ke(I, II) > 0✳

❯♥✐✈❡$0✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛0 ✲ ❯❋❆▼
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❆❧"♠ ❞✐&&♦✱ ❝♦♥&✐❞❡,❛♥❞♦ ✉♠ ♣❛,0♠❡1,♦ ❝♦♥❢♦,♠❡ z ❡♠ ,❡❧❛34♦ 5 ♠"1,✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛

II = Qdz2 + 2Hλ|dz|2 +Qdz2✱ 1❡♠♦& 7✉❡ Q = 0 ❡ ♦ ♣❛, ❢✉♥❞❛♠❡♥1❛❧ (II, I) " 1❛❧ 7✉❡

II = 2ρ|dz|2, ✭✶✳✸✻✮

I = Pdz2 + 2λ|dz|2 + Pdz2. ✭✶✳✸✼✮

❉❛@✱ 1❡♠♦& ❛ &❡❣✉✐♥1❡ ♣,♦♣♦&✐34♦✳

"$♦♣♦/✐12♦ ✶✳✹✳ ❙❡❥❛♠ (I, II) ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ ❡♠ Σ✱ ❡♠ .✉❡ II / ✉♠❛ ♠/+'✐❝❛ ❘✐❡✲

♠❛♥♥✐❛♥❛✱ ❡ z ✉♠ ♣❛'4♠❡+'♦ ❝♦♥❢♦'♠❡ ❝♦♠ '❡❧❛67♦ ❛ II✳ ❊♥+7♦

S
∂

∂z
= Ke

(
H

Ke

∂

∂z
− P

ρ

∂

∂z

)
. ✭✶✳✸✽✮

❉❡♠♦♥;+'❛67♦✳ ❉❡ ✭✶✳✶✾✮ ❡ ✭✶✳✷✵✮✱ ✉&❛♥❞♦ 7✉❡ Q = 0✱

H =
−λρ

|P |2 − λ2
,

Ke =
−ρ2

|P |2 − λ2
,

❞♦♥❞❡ &❡❣✉❡ 7✉❡ Hρ = λKe ⇔
λ

ρ
=

H

Ke

✳

❙❡♥❞♦

S
∂

∂z
= a

∂

∂z
+ b

∂

∂z
,

♣❛,❛ ❢✉♥3G❡& ❝♦♠♣❧❡①❛& ❧♦❝❛✐& a ❡ b✱ 1❡♠♦&

0 = I

(
S

∂

∂z
,
∂

∂z

)
= aP + bλ,

ρ = I

(
S

∂

∂z
,
∂

∂z

)
= aλ+ bP .

▼✉❧1✐♣❧✐❝❛♥❞♦ ♣♦, P ❛ ♣,✐♠❡✐,❛ ❡7✉❛34♦ ❡ ♣♦, λ ❛ &❡❣✉♥❞❛ ❡7✉❛34♦✱ ♦❜1❡♠♦&

a|P |2 + bλP = 0, ✭✶✳✸✾✮

aλ2 + bλP = ρλ. ✭✶✳✹✵✮

❉❛@✱ ♦❜1❡♠♦&

a(|P |2 − λ2) = −ρλ

♦✉

a =
−ρλ

|P |2 − λ2
= Ke

λ

ρ
= Ke

H

Ke

.

❯♥✐✈❡$/✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛/ ✲ ❯❋❆▼
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❙✉❜#$✐$✉✐♥❞♦ a ❡♠ ✭✶✳✸✾✮✱ ❡ ❢❛③❡♥❞♦ ♦# ❞❡✈✐❞♦# ❝7❧❝✉❧♦#✱ ♦❜$❡♠♦#

b = −Ke

P

ρ
.

❊ ✐##♦ ♣;♦✈❛ ✭✶✳✸✽✮✳ �

❉❡✜♥✐12♦ ✶✳✺ ✭=❛;>♠❡$;♦# ❉✉♣❧❛♠❡♥$❡ ❖;$♦❣♦♥❛✐#✮✳ ❙❡❥❛ (I, II) ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ ❡♠

✉♠❛ -✉♣❡'❢.❝✐❡ Σ✳ ❉✐③❡♠♦- 5✉❡ ♦- ♣❛'6♠❡+'♦- ❧♦❝❛✐- (x, y) -7♦ ❞✉♣❧❛♠❡♥+❡ ♦'+♦❣♦♥❛✐- ❝♦♠

'❡❧❛97♦ ❛ (I, II)✱ -❡ F = f = 0✱ ❡♠ 5✉❡ I = Edx2+2Fdxdy+Gdy2 ❡ II = edx2+2fdxdy+

gdy2✳

=❛;❛ ♣❛;>♠❡$;♦# ❞✉♣❧❛♠❡♥$❡ ♦;$♦❣♦♥❛✐# (x, y)✱ ❛ ❜❛#❡ ❝♦♦;❞❡♥❛❞❛

{
∂

∂x
,
∂

∂y

}
B $❛❧ C✉❡

S
∂

∂x
= k1

∂

∂x
, S

∂

∂y
= k2

∂

∂y
,

❡♠ C✉❡ S B ♦ ♦♣❡;❛❞♦; ❞❡ ❲❡✐♥❣❛;$❡♥ ❡ k1✱ k2 ❛# ❝✉;✈❛$✉;❛# ♣;✐♥❝✐♣❛✐# ❞♦ ♣❛; (I, II)✳

❉❛E✱ #❡❣✉❡✲#❡ C✉❡

I = Edx2 +Gdy2, ✭✶✳✹✶✮

II = k1Edx2 + k2Gdy2. ✭✶✳✹✷✮

"$♦♣♦6✐12♦ ✶✳✺✳ ❙❡❥❛♠ (I, II) ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ ❡♠ Σ ❡ (x, y) ♣❛'6♠❡+'♦- ❞✉♣❧❛♠❡♥+❡

♦'+♦❣♦♥❛✐- ♣❛'❛ (I, II)✳ ❊♥+7♦ ♦- -.♠❜♦❧♦- ❞❡ ❈❤'✐-+♦✛❡❧ -7♦ ❞❛❞♦- ♣♦'✿

Γ1
11 =

Ex

2E
, ✭✶✳✹✸✮

Γ2
11 = −Ey

2G
, ✭✶✳✹✹✮

Γ1
12 =

Ey

2E
, ✭✶✳✹✺✮

Γ2
12 =

Gx

2G
, ✭✶✳✹✻✮

Γ1
22 = −Gx

2E
, ✭✶✳✹✼✮

Γ2
22 =

Gy

2G
. ✭✶✳✹✽✮

❉❡♠♦♥-+'❛97♦✳ ❆♥7❧♦❣♦ ❛♦ C✉❡ ✜③❡♠♦# ♥❛ =;♦♣♦#✐NO♦ 1.2✱ $❡♠♦#✿

Γ1
11 =

1

2(EG− F 2)
(GEx − 2FFx + FEy) ,

Γ2
11 = − 1

2(EG− F 2)
(EEy − 2EFx + FEx) ,

❯♥✐✈❡$6✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛6 ✲ ❯❋❆▼
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Γ1
12 =

1

2(EG− F 2)
(GEy − FGx) ,

Γ2
12 =

1

2(EG− F 2)
(EGx − FEy) ,

Γ1
22 = − 1

2(EG− F 2)
(GGx − 2GFy + FGy) ,

Γ2
22 =

1

2(EG− F 2)
(EGy − 2FFy + FGx) .

❙✉❜#$✐$✉✐♥❞♦ F = f = 0 ♥❛# ❡+✉❛,-❡# ❛❝✐♠❛✱ ♦❜$❡♠♦# ♦ +✉❡ +✉❡12❛♠♦#✳ �

✶✳✶✳✸ #♦♥&♦' ❯♠❜+❧✐❝♦' ❡ ❛ ❉✐❢❡3❡♥❝✐❛❧ ❞❡ ❍♦♣❢

❉❛❞♦ ✉♠ ♣❛1 ❢✉♥❞❛♠❡♥$❛❧ (I, II) ❡♠ ✉♠❛ #✉♣❡1❢2❝✐❡ Σ✱ ❞❡✜♥✐♠♦# ❛ ❝✉"✈❛%✉"❛ ❛&&✐♠)%"✐❝❛

❞❡ (I, II) ♣♦1 ✿

q = q(I, II) = H2 −Ke =
(k1 − k2)

2

4
,

❡♠ +✉❡ H =
1

2
(k1 + k2) ❡ Ke = k1k2✳

❉❡✜♥✐12♦ ✶✳✻✳ ❙❡❥❛ (I, II) ✉♠ ♣❛" ❢✉♥❞❛♠❡♥%❛❧ ❡♠ Σ✳ ❉✐③❡♠♦& 6✉❡ (I, II) ) ✉♠ ♣❛" ✉♠✲

❜9❧✐❝♦ ♥♦ ♣♦♥%♦ p ∈ Σ ✭♦✉ p ∈ Σ ) ✉♠ ♣♦♥%♦ ✉♠❜9❧✐❝♦ ❞♦ ♣❛" (I, II)✮✱ &❡ II ) ♣"♦♣♦"❝✐♦♥❛❧ =

I ❡♠ p✱ ✐&%♦ )✱ II = αI ❡♠ p✱ ♣❛"❛ ❛❧❣✉♠ α "❡❛❧✳

❉❡ ❢♦1♠❛ ❡+✉✐✈❛❧❡♥$❡ ; ❞❡✜♥✐,<♦ ❛♥$❡1✐♦1✱ ❞✐③❡♠♦# +✉❡ ✉♠ ♣❛1 ❢✉♥❞❛♠❡♥$❛❧ > ✉♠❜2❧✐❝♦

❡♠ p ∈ Σ +✉❛♥❞♦ ❛❝♦♥$❡❝❡ ✉♠❛ ❞❛# #❡❣✉✐♥$❡# #✐$✉❛,-❡#✿

• k1(p) = k2(p)✳ ◆❡#$❡ ❝❛#♦✱ H
2 = Ke ❡♠ p✳

• S = βIdp✱ ♣❛1❛ ❛❧❣✉♠ β ∈ R✱ #❡♥❞♦ Id ❛ ❛♣❧✐❝❛,<♦ ✐❞❡♥$✐❞❛❞❡✳

• q(p) = 0✳

❖❜7❡$✈❛12♦ ✶✳✸✳ ❖ ♣❛" (I, II) ) %♦%❛❧♠❡♥%❡ ✉♠❜9❧✐❝♦✱ &❡ q = 0 ∀ p ∈ Σ✳

❉❡✜♥✐12♦ ✶✳✼✳ ❙❡❥❛♠ z ✉♠ ♣❛"@♠❡%"♦ ❝♦♥❢♦"♠❡ ❧♦❝❛❧ ❡ (I, II) ✉♠ ♣❛" ❢✉♥❞❛♠❡♥%❛❧ ❡♠ Σ

❞❛❞♦ ♣♦" ✭✶✳✶✶✮ ❡ ✭✶✳✶✷✮ ✳ ❉✐③❡♠♦& 6✉❡ ❛ ❢♦"♠❛ 6✉❛❞"C%✐❝❛ Qdz2 ❞❡ II ) ❛ ❞✐❢❡"❡♥❝✐❛❧ ❞❡

❍♦♣❢ ❞♦ ♣❛" (I, II)✳ ◆♦✉%"❛& ♣❛❧❛✈"❛&✱ ❛ ♣❛"%❡ (2, 0) ❞❡ II ) ❛ ❞✐❢❡"❡♥❝✐❛❧ ❞❡ ❍♦♣❢ ❞❡ (I, II)✳

"$♦♣♦7✐12♦ ✶✳✻✳ ❙❡❥❛♠ (I, II) ✉♠ ♣❛" ❢✉♥❞❛♠❡♥%❛❧ ❡♠ Σ ❡ z ✉♠ ♣❛"@♠❡%"♦ ❝♦♥❢♦"♠❡ ❧♦❝❛❧

❡♠ Σ ❝♦♠ "❡&♣❡✐%♦ ❛ I✳ ❊♥%G♦ (I, II) ) ✉♠❜9❧✐❝♦ ❡♠ p ∈ Σ &❡✱ ❡ &♦♠❡♥%❡ &❡✱ Q(p) = 0✳

❉❡♠♦♥&%"❛HG♦✳ ❙❡♥❞♦ z ✉♠ ♣❛1A♠❡$1♦ ❝♦♥❢♦1♠❡ ❧♦❝❛❧ ♣❛1❛ I✱ $❡♠♦#✿

H =
ρ

λ
,

Ke =
ρ2 − |Q|2

λ2
.

❯♥✐✈❡$7✐❞❛❞❡ ❋❡❞❡$❛❧ ❞♦ ❆♠❛③♦♥❛7 ✲ ❯❋❆▼



✶✳✷✳ #❛% ❞❡ ❈♦❞❛③③✐ ✶✹

❙❡❣✉❡ ❞❛& ❡①♣)❡&&*❡& ❛❝✐♠❛ .✉❡

|Q|2 = qλ2. ✭✶✳✹✾✮

❉❡ ✭✶✳✹✾✮ ❝♦♥❝❧✉9♠♦& .✉❡✱ (I, II) ; ✉♠❜9❧✐❝♦ ❡♠ p ∈ Σ &❡✱ ❡ &♦♠❡♥=❡ &❡✱ Q(p) = 0✳ �

❉❛ ♣)♦♣♦&✐>?♦ ❛♥=❡)✐♦)✱ ♦❜&❡)✈❛♠♦& .✉❡ ❛ ❞✐❢❡)❡♥❝✐❛❧ ❞❡ ❍♦♣❢ ❞❡=❡)♠✐♥❛ ❛ ✉♠❜✐❧✐❝✐❞❛❞❡

❞♦ ♣❛) ❢✉♥❞❛♠❡♥=❛❧ (I, II) ♥♦& ♣♦♥=♦& ❞❛ &✉♣❡)❢9❝✐❡ Σ✳

✶✳✷ #❛% ❞❡ ❈♦❞❛③③✐

◗✉❛♥❞♦ ♦ ♣❛) ❢✉♥❞❛♠❡♥=❛❧ (I, II) ✈❡)✐✜❝❛✱ ❞❡ ❢♦)♠❛ ❛❜&=)❛=❛✱ ❛ ❡.✉❛>?♦ ❞❡ ❈♦❞❛③③✐ ❞❡

✉♠❛ ✐♠❡)&?♦ ✐&♦♠;=)✐❝❛ ♣❛)❛ &✉♣❡)❢9❝✐❡& ❡♠ ❢♦)♠❛& ❡&♣❛❝✐❛✐& R
3
✱ S

3
❡ H

3
✱ ✈❡❥❛✱ ♣♦) ❡①❡♠♣❧♦✱

❬✻❪✱ ❡&=❛ ❡.✉❛>?♦ &❡ ❡&❝)❡✈❡

∇XSY −∇Y SX = S[X, Y ], X, Y ∈ X(Σ),

♦♥❞❡ S ; ♦ ♦♣❡)❛❞♦) ❞❡ ❲❡✐♥❣❛)=❡♥ ❛&&♦❝✐❛❞♦ ❛ (I, II) ❡ ∇ )❡♣)❡&❡♥=❛ ❛ ❝♦♥❡①?♦ ❞❡ ▲❡✈✐✲

❈✐✈✐=❛ ❛&&♦❝✐❛❞❛ N ♠;=)✐❝❛ I✳

❆&&✐♠✱ =❡♠♦& ❛ &❡❣✉✐♥=❡ ❞❡✜♥✐>?♦✳

❉❡✜♥✐01♦ ✶✳✽✳ ❉✐③❡♠♦& '✉❡ ✉♠ ♣❛+ ❢✉♥❞❛♠❡♥/❛❧ (I, II)✱ ❝♦♠ ♦♣❡+❛❞♦+ ❞❡ ❲❡✐♥❣❛+/❡♥ S✱

5 ✉♠❛ ♣❛+ ❞❡ ❈♦❞❛③③✐ &❡

∇XSY −∇Y SX − S[X, Y ] = 0, ∀ X, Y ∈ X(Σ). ✭✶✳✺✵✮

❊①❡♠♣❧♦ ✶✳✶✳ ❆ ♣+✐♠❡✐+❛ ❡ ❛ &❡❣✉♥❞❛ ❢♦+♠❛& ❢✉♥❞❛♠❡♥/❛✐& ❞❡ ✉♠❛ &✉♣❡+❢8❝✐❡ ✐♠❡+&❛ ❡♠

✉♠❛ ❢♦+♠❛ ❡&♣❛❝✐❛❧ ❞❡ ❞✐♠❡♥&9♦ 3 5 ✉♠ ♣❛+ ❞❡ ❈♦❞❛③③✐✳

❯♠ ❝❛&♦ ♣❛)=✐❝✉❧❛) ❞❡ ♣❛) ❞❡ ❈♦❞❛③③✐ ; ♦ ❝❤❛♠❛❞♦ ♣❛) ❞❡ ❲❡✐♥❣❛)=❡♥ .✉❡ &❛=✐&❢❛③ ✉♠❛

)❡❧❛>?♦ ♥?♦ =)✐✈✐❛❧ W (H(I, II), Ke(I, II)) = 0✱ ♦♥❞❡W ; ✉♠ ❢✉♥❝✐♦♥❛❧ ❞✐❢❡)❡♥❝✐T✈❡❧✱ ❞❡✜♥✐❞♦

❡♠ ✉♠ ❝♦♥❥✉♥=♦ ❛❜❡)=♦ ❞❡ R
2
.✉❡ ❝♦♥=;♠ ♦ ❝♦♥❥✉♥=♦ ❞❡ ♣♦♥=♦& {(H(p), Ke(p)) : p ∈ Σ}✳

❖✉=)♦& =✐♣♦& ❞❡ ♣❛)❡& ❞❡ ❈♦❞❛③③✐ &❡)?♦ ❡&=✉❞❛❞♦& ♥♦& ♣)V①✐♠♦& ❝❛♣9=✉❧♦&✳

▼❛& ❡①❡♠♣❧♦& ❞❡ ♣❛)❡& ❞❡ ❈♦❞❛③③✐ ♣♦❞❡♠ &❡) ❡♥❝♦♥=)❛❞♦& ❡♠ ❬✶✼❪ ❡ ❬✶✾❪✳

❯♥✐✈❡%:✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛: ✲ ❯❋❆▼



❈❛♣#$✉❧♦ ✷

❚❡♦+✐❛ ❞♦. /❛+❡. ❞❡ ❈♦❞❛③③✐

◆❡"#❡ ❝❛♣'#✉❧♦✱ ✉"❛♠♦" ❛ #❡♦-✐❛ ❛❜"#-❛#❛ ❞❡ ♣❛-❡" ❞❡ ❈♦❞❛③③✐ ♣❛-❛ ❣❡♥❡-❛❧✐③❛- ❛❧❣✉♥"

-❡"✉❧#❛❞♦" ❝❧5""✐❝♦" ❞❛ #❡♦-✐❛ ❞❡ "✉♣❡-❢'❝✐❡ ♥❛" ❢♦-♠❛" ❡"♣❛❝✐❛✐" R
3
✱ S

3
❡ H

3
✱ 7✉❡ ❞❡♣❡♥❞❡♠✱

❡♠ ❡""8♥❝✐❛✱ ❞❛ ❡!✉❛$%♦ ❞❡ ❈♦❞❛③③✐ ❞❛ ✐♠❡-"9♦✱ #❛✐" ❝♦♠♦✱ ♦ #❡♦-❡♠❛ ❞❡ ❍♦♣❢ 7✉❡ ❛✜-♠❛

7✉❡ ❛" "✉♣❡-❢'❝✐❡" ✐♠❡-"❛" ❡♠ R
3
❝♦♠ ❝✉-✈❛#✉-❛ ♠=❞✐❛ ❝♦♥"#❛♥#❡ "9♦ #♦#❛❧♠❡♥#❡ ✉♠❜'❧✐❝❛"

❡ ♦ #❡♦-❡♠❛ ❞❡ ▲✐❡❜♠❛♥♥✱ 7✉❡ ❛✜-♠❛ 7✉❡ ❛" ?♥✐❝❛" "✉♣❡-❢'❝✐❡" ❝♦♠♣❧❡#❛" ❡♠ R
3
❝♦♠ ❝✉-✈❛✲

#✉-❛ ●❛✉""✐❛♥❛ ❝♦♥"#❛♥#❡ ♣♦"✐#✐✈❛ "9♦ ❛" ❡"❢❡-❛" #♦#❛❧♠❡♥#❡ ✉♠❜'❧✐❝❛"✳ ❆❧=♠ ❞✐""♦✱ ✉"❛♠♦"

❡"#❛ ❛❜♦-❞❛❣❡♠ ❛❜"#-❛#❛ ♣❛-❛ ♦❜#❡- ❛❧❣✉♠❛" ❛♣❧✐❝❛DE❡" 7✉❛♥❞♦ ❡"#✉❞❛♠♦" ❛" "✉♣❡-❢'❝✐❡" ❞❡

❲❡✐♥❣❛-#❡♥ ❡"♣❡❝✐❛✐"✱ ❞❡♥#-❡ ♦✉#-♦" -❡"✉❧#❛❞♦" 7✉❡ ❝♦♠❡♥#❛-❡♠♦" ♠❛✐" ❛ ❢-❡♥#❡✳

✷✳✶ #❛%❡' ❞❡ ❈♦❞❛③③✐ ♥❛ ❚❡♦%✐❛ ❞❡ '✉♣❡%❢2❝✐❡'

❈♦♠❡D❛♠♦" ♣♦- ❡♥✉♥❝✐❛- ❞♦✐" -❡"✉❧#❛❞♦"✱ ✉♠ ❞❡ ❆♥-❧✐/❡ ❈♦♠♣❧❡①❛ ❡ ♦ ♦✉#-♦ ❞❛ ❚❡♦4✐❛

❞❡ ❙✉♣❡4❢7❝✐❡/✱ 7✉❡ ❢❛-9♦ ♣❛-#❡ ❞❛ ❞❡♠♦♥"#-❛D9♦ ❞♦ ♣-✐♠❡✐-♦ #❡♦-❡♠❛ ❞❡"#❛ "❡D9♦✳

▲❡♠❛ ✷✳✶✳ ❙❡❥❛ f : U ⊂ C → C ✉♠❛ ❢✉♥$%♦ ❝♦♠♣❧❡①❛ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❝♦♥❥✉♥;♦ ❛❜❡4;♦ U

❞❡ C✳ ❙✉♣♦♥❤❛ !✉❡ ∣∣∣∣
∂f

∂z

∣∣∣∣ ≤ h(z)|f(z)|,

♦♥❞❡ h ? ✉♠❛ ❢✉♥$%♦ 4❡❛❧ ❝♦♥;7♥✉❛✱ ♥%♦ ♥❡❣❛;✐✈❛✳ ❆❧?♠ ❞✐//♦✱ /✉♣♦♥❤❛ !✉❡ z0 ∈ U /❡❥❛ ✉♠

③❡4♦ ❞❡ f ✳ ❊♥;%♦ ❡①✐/;❡ ✉♠❛ ✈✐③✐♥❤❛♥$❛ V ⊂ U ❞❡ z0✱ ♦♥❞❡ ♦✉ f ≡ 0 ♦✉

f(z) = (z − z0)
kfk(z), z ∈ V,

♣❛4❛ ❛❧❣✉♠ k ≥ 1 ❡ ✉♠❛ ❢✉♥$%♦ ❝♦♥;7♥✉❛ fk(z)✱ ;❛❧ !✉❡ fk(z0) 6= 0✳

❉❡♠♦♥/;4❛$%♦✳ ❙❡♠ ♣❡-❞❛ ❞❡ ❣❡♥❡-❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦" "✉♣♦- 7✉❡ ♦ ③❡-♦ ❞❡ f = ❛ ♦-✐❣❡♠ 0 ❡

U = ♦ ❞✐"❝♦ ❞❡ ❝❡♥#-♦ 0 ❡ -❛✐♦ R✳ ❆ ♣-♦✈❛ ❞♦ ❧❡♠❛ = ❝♦♥"❡7✉8♥❝✐❛ ❞❛" "❡❣✉✐♥#❡" ❛✜-♠❛DE❡"✳

❆✜)♠❛*+♦ 1✿

❈♦♠ ❛" ♠❡"♠❛" ❤✐♣J#❡"❡" ❞♦ ❧❡♠❛ ❡ ♦ ❢❛#♦ ❞❡ lim
z→0

f(z)

zk−1
= 0✱ ♣❛-❛ ❛❧❣✉♠ k ≥ 1✳ ❊♥#9♦

lim
z→0

f(z)

zk
❡①✐"#❡✳

✶✺



✷✳✶✳ #❛%❡' ❞❡ ❈♦❞❛③③✐ ♥❛ ❚❡♦%✐❛ ❞❡ '✉♣❡%❢2❝✐❡' ✶✻

❆✜%♠❛89♦ 2✿

❈♦♠ ❛% ♠❡%♠❛% ❤✐♣*+❡%❡% ❞♦ ❧❡♠❛✱ %❡ lim
z→0

f(z)

zk−1
= 0 ∀ k ≥ 1✱ ❡♥+0♦ f ≡ 0 ❡♠ ❛❧❣✉♠❛

✈✐③✐♥❤❛ ❞❡ 0✳

❈♦♠ ❡❢❡✐+♦✱ ❞❛ ❛✜8♠❛90♦ 2✱ %❛❜❡♠♦% ;✉❡ %❡ f ♥0♦ < ✐❞❡♥+✐❝❛♠❡♥+❡ ♥✉❧❛ ❡♠ ✉♠❛ ✈✐③✐✲

♥❤❛♥9❛ ❞❡ 0✱ ❡①✐%+❡ k ∈ N +❛❧ ;✉❡ lim
z→0

f(z)

zk−1
= 0✱ ♠❛% lim

z→0

f(z)

zk
♣♦❞❡ ♥0♦ ❡①✐%+✐8✳ @♦8<♠

❛ ❛✜8♠❛90♦ 1 ♥♦% ❞✐③ ;✉❡ lim
z→0

f(z)

zk
= c 6= 0✱ ✐%+♦ <✱ ❡①✐%+❡ +❛❧ ❧✐♠✐+❡ ❡ < ♥0♦ ♥✉❧♦✳ ▲♦❣♦✱

♣♦❞❡♠♦% ❡%❝8❡✈❡8

f(z) = czk +R, lim
z→0

R

zk
= 0,

♦✉

f(z) = zkfk(z), fk(z) = c+
R

zk
,

+❛❧ ;✉❡ fk(0) = c 6= 0✱ ❡ ✐%+♦ ♣8♦✈❛ ♦ ❧❡♠❛✳ �

❆% ♣8♦✈❛% ❞❛% ❛✜8♠❛9C❡% 1 ❡ 2✱ ♣♦❞❡♠ %❡8 ❡♥❝♦♥+8❛❞❛% ❡♠ ❬✸❪✱ ♦♥❞❡ < ✉%❛❞♦ ❛ +❡♦8✐❛ ❞❡

✐♥+❡❣8❛✐% ♣❛8❛ 8❡%♦❧✈G ✲ ❧❛%✳

❖❜'❡%✈❛89♦ ✷✳✶✳ ❖ !❡❣✉♥❞♦ ❝❛!♦ ❞♦ ▲❡♠❛ 2.1✱ !✐❣♥✐✜❝❛ /✉❡ ♦! ③❡1♦! ❞❡ f !2♦ ✐!♦❧❛❞♦! ❡

❞❡ 4♥❞✐❝❡ ♥❡❣❛5✐✈♦✳

❚❡♦%❡♠❛ ✷✳✶ ✭❚❡♦8❡♠❛ ❞❡ @♦✐♥❝❛8<✮✳ ❆ !♦♠❛ ❞♦! 4♥❞✐❝❡! ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡5♦1❡! ❞✐❢❡1❡♥✲

❝✐<✈❡❧ X ❝♦♠ !✐♥❣✉❧❛1✐❞❛❞❡! ✐!♦❧❛❞❛! ❡♠ ✉♠❛ !✉♣❡1❢4❝✐❡ ❝♦♠♣❛❝5❛ Σ = ✐❣✉❛❧ ❛ ❝❛1❛❝5❡14!5✐❝❛

❞❡ ❊✉❧❡1✲?♦✐♥❝❛1= ❞❡ Σ✳

❉❡♠♦♥!51❛A2♦✳ ❱❡8 ❬✺❪✳ �
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❚❡♦%❡♠❛ ✷✳✷✳ ❙❡❥❛ (I, II) ✉♠❛ ♣❛1 ❞❡ ❈♦❞❛③③✐ ❡♠ ✉♠❛ !✉♣❡1❢4❝✐❡ Σ✳ ❙❡ (I, II) = ✉♠ ♣❛1

❞❡ ❲❡✐♥❣❛15❡♥ ♣❛1❛ ✉♠ ❢✉♥❝✐♦♥❛❧ W (x, y) 5❛❧ /✉❡ ∀ 5✱

Wx(t, t
2) + 2tWy(t, t

2) 6= 0, ✭✷✳✶✮
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✉♠❜4❧✐❝♦✳ ❊♠ ♣❛15✐❝✉❧❛1✱ !❡ Σ = ✉♠❛ ❡!❢❡1❛ 5♦♣♦❧C❣✐❝❛✱ ❡♥52♦ (I, II) = 5♦5❛❧♠❡♥5❡ ✉♠❜4❧✐❝♦✳

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼



✷✳✶✳ #❛%❡' ❞❡ ❈♦❞❛③③✐ ♥❛ ❚❡♦%✐❛ ❞❡ '✉♣❡%❢2❝✐❡' ✶✼

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛ z ✉♠ ♣❛'(♠❡)'♦ ❝♦♥❢♦'♠❡ ❧♦❝❛❧ ❝♦♠ '❡❧❛/0♦ 1 ♠2)'✐❝❛ I✳ ❊♥)0♦ ♦ ♣❛'

❢✉♥❞❛♠❡♥)❛❧ (I, II) 7❡ ❡7❝'❡✈❡ ❝♦♠♦ ❡♠ ✭✶✳✸✵✮ ✲ ✭✶✳✸✶✮✱ ❡ ❛7 ❡@✉❛/A❡7 ✭✶✳✷✹✮✱ ✭✶✳✷✺✮✱ ✭✶✳✷✽✮

❡ ✭✶✳✷✾✮ 7❡ '❡❞✉③❡♠ ❛

CΓ1
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λ
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22 = 0, CΓ2
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λ
.
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∂
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Qz

λ
−Hz = 0,

Hz −
Qz

λ
= 0.

♦✉

Qz = λHz, ✭✷✳✹✮

Qz = λHz. ✭✷✳✺✮
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(Ke)z = 2HHz − |Q|2
(
1

λ2

)

z

− QzQ+QQz

λ2
. ✭✷✳✻✮

=♦* ❤✐♣?+❡$❡ W (H,Ke) = 0✱ ❡♠ @✉❡ H ❡ Ke $%♦ ❛$ ❝✉*✈❛+✉*❛$ ♠B❞✐❛ ❡ ❡①+*D♥$❡❝❛ ❞❡

(I, II)✳ ❊♥+%♦

HzWH(H,Ke) + (Ke)zWKe
(H,Ke) = 0.
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HzWH(H,Ke) +

[
2HHz − |Q|2

(
1

λ2

)

z

− QzQ+QQz

λ2

]
WKe

(H,Ke) = 0

[WH(H,Ke) + 2HWKe
(H,Ke)]Hz = WKe

(H,Ke)

[
|Q|2

(
1

λ2

)

z

+
QzQ+QQz

λ2

]

[WH(H,Ke) + 2HWKe
(H,Ke)]Qz = λWKe

(H,Ke)

[
|Q|2

(
1
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)

z

+
QzQ+QQz

λ2

]
.

❙❡ p ∈ Σ B ✉♠ ♣♦♥+♦ ✉♠❜D❧✐❝♦ ❞❡ (I, II)✱ ✐$+♦ B✱ H2 = Ke ❡♠ p✱ ❡♥+%♦

[WH(H,H2) + 2HWKe
(H,H2)]Qz = λWKe

(H,H2)

[
|Q|2

(
1

λ2

)

z

+
QzQ+QQz
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]
,

❞♦♥❞❡

g := WH(H,H2) + 2HWKe
(H,H2) 6= 0 ∀ H(p),
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|gQz| = |λWKe
(H,Ke)|
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1

λ2
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∣∣∣∣
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∣∣∣∣
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1
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∣∣∣∣+
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1
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z

∣∣∣∣+
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]
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∣∣∣∣
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1
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z

∣∣∣∣+
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]
✳
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(I, II2) ❞♦✐/ ♣❛(❡/ ❞❡ ❈♦❞❛③③✐ ❝♦♠ ❛ ♠❡/♠❛ ♠7&(✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ I✳ ❙❡ ❛♠❜♦/ ♦/ ♣❛(❡/ &F♠

❛ ♠❡/♠❛ ❝✉(✈❛&✉(❛ ♠7❞✐❛✱ ❡♥&6♦ II1 = II2✳

❉❡♠♦♥/&(❛<6♦✳ D9✐♠❡✐9❛♠❡♥&❡ ♠♦4&9❛9❡♠♦4 '✉❡ ♦ ♣❛9 ❢✉♥❞❛♠❡♥&❛❧ (I, II1 − II2) * ❞❡ ❈♦✲

❞❛③③✐✳

❈♦♠ ❡❢❡✐&♦✱ 4❡❥❛ S = S1 − S2 ♦ ♦♣❡9❛❞♦9 ❞❡ ❲❡✐♥❣❛9&❡♥ ❛44♦❝✐❛❞♦ ❛♦ ♣❛9 (I, II1 − II2)✱

❡♠ '✉❡ S1 ❡ S2 4=♦ 9❡4♣❡❝&✐✈❛♠❡♥&❡ ♦4 ♦♣❡9❛❞♦9❡4 ❞❡ ❲❡✐♥❣❛9&❡♥ ❛44♦❝✐❛❞♦4 ❛ (I, II1) ❡

(I, II2)✳

❯♥✐✈❡".✐❞❛❞❡ ❋❡❞❡"❛❧ ❞♦ ❆♠❛③♦♥❛. ✲ ❯❋❆▼



✷✳✶✳ #❛%❡' ❞❡ ❈♦❞❛③③✐ ♥❛ ❚❡♦%✐❛ ❞❡ '✉♣❡%❢2❝✐❡' ✷✵

❆!!✐♠✱

∇XSY −∇Y SX − S[X, Y ] = ∇X(S1 − S2)Y −∇Y (S1 − S2)X − (S1 − S2)[X, Y ]

= ∇XS1Y −∇XS2Y −∇Y S1X +∇Y S2X − S1[X, Y ]

+S2[X, Y ]

= (∇XS1Y −∇Y S1X − S1[X, Y ])− (∇XS2Y −∇Y S2X

−S2[X, Y ]).

❈♦♠♦ (I, II1) ❡ (I, II2) !(♦ ♣❛+❡! ❞❡ ❈♦❞❛③③✐✱ ❡♥/(♦

∇XSY −∇Y SX − S[X, Y ] = 0.

▲♦❣♦ (I, II1 − II2) 2 ✉♠ ♣❛+ ❞❡ ❈♦❞❛③③✐✳

5♦+ ❤✐♣7/❡!❡✱ !❡♥❞♦ H(I, II1) = H(I, II2)✱ !❡❣✉❡ 8✉❡ H(I, II1 − II2) ≡ 0✳

❊♠ ♣❛+/✐❝✉❧❛+✱ /♦♠❛♥❞♦ ✉♠ ♣❛+<♠❡/+♦ ❝♦♥❢♦+♠❡ ❧♦❝❛❧ z✱ ♣♦❞❡♠♦! ❡!❝+❡✈❡+

I = 2λ|dz|2,
IIi = Qidz

2 + 2λH|dz|2 +Qidz
2, i = 1, 2.

❆!!✐♠ ♦ ♣❛+ (I, II1 − II2) 2 /❛❧ 8✉❡ II1 − II2 = Qdz2 +Qdz2✱ ♦♥❞❡ Q = Q1 −Q2✳

❆❧2♠ ❞✐!!♦✱ ❝♦♥!✐❞❡+❛♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ W (x, y) = x✱ /❡♠♦! 8✉❡

Wx(t, t
2) + 2tWy(t, t

2) = 1 + 2t.0 = 1 6= 0.

❈♦♠♦ W (H,Ke) = H = 0✱ ❡♠ 8✉❡ H ❡ Ke !(♦ ❛! ❝✉+✈❛/✉+❛! ♠2❞✐❛ ❡ ❡①/+@♥!❡❝❛ ❞❡

(I, II1−II2)✱ ❡♥/(♦ (I, II1−II2) 2 ✉♠ ♣❛+ ❞❡ ❲❡✐♥❣❛+/❡♥✳ ❊ !❡♥❞♦ Σ ✉♠❛ ❡!❢❡+❛ /♦♣♦❧7❣✐❝❛✱

❝♦♥❝❧✉@♠♦!✱ ♣❡❧♦ ❚❡♦+❡♠❛ 2.2✱ 8✉❡ ❡!!❡ ♣❛+ 2 /♦/❛❧♠❡♥/❡ ✉♠❜@❧✐❝♦✱ ♦✉ !❡❥❛✱ Q ≡ 0✳ 5♦+/❛♥/♦

II1 = II2✱ ❝♦♠♦ 8✉❡+@❛♠♦! ❞❡♠♦♥!/+❛+✳ �

5❛+❛ ♦ ♣+7①✐♠♦ +❡!✉❧/❛❞♦✱ ♣+❡❝✐!❛+❡♠♦! ❞❛ ❞❡✜♥✐F(♦ ❞❛ /❡+❝❡✐+❛ ❢♦+♠❛ ❢✉♥❞❛♠❡♥/❛❧ ❡♠

✉♠❛ !✉♣❡+❢@❝✐❡ Σ✳

❉❡✜♥✐78♦ ✷✳✶✳ ❙❡❥❛ (I, II) ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ ❡♠ Σ ❝♦♠ ❝✉'✈❛+✉'❛0 ♠1❞✐❛ ❡ ❡①+'4♥0❡❝❛

H ❡ Ke✳ ❉❡✜♥✐♠♦0 ❛ +❡'❝❡✐'❛ ❢♦'♠❛ ❢✉♥❞❛♠❡♥+❛❧ ❞❡ Σ ♣♦'

III(X, Y ) = −KeI(X, Y ) + 2HII(X, Y ), X, Y ∈ X(Σ). ✭✷✳✼✮

❱❡+✱ ♣♦+ ❡①❡♠♣❧♦ ❡♠ ❬✶✼❪✳

❊♠ ♣❛+/✐❝✉❧❛+✱ !❡ Σ 2 ✉♠❛ !✉♣❡+❢@❝✐❡ ✐♠❡+!❛ ❡♠ ✉♠❛ ✈❛+✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥!(♦

3✱ ❡♥/(♦ ❛ /❡+❝❡✐+❛ ❢♦+♠❛ ❢✉♥❞❛♠❡♥/❛❧ 2 ❞❛❞❛ ♣♦+

III(X, Y ) = I(SX, SY ), X, Y ∈ X(Σ), ✭✷✳✽✮

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼



✷✳✶✳ #❛%❡' ❞❡ ❈♦❞❛③③✐ ♥❛ ❚❡♦%✐❛ ❞❡ '✉♣❡%❢2❝✐❡' ✷✶

♦♥❞❡ S $ ♦ ♦♣❡&❛❞♦& ❞❡ ❲❡✐♥❣❛&+❡♥ ❡♠ Σ✳

❈♦%♦❧5%✐♦ ✷✳✺✳ ❙❡❥❛♠ Σ ✉♠❛ ❡&❢❡(❛ )♦♣♦❧-❣✐❝❛ ❡ (Ii, IIi), i = 1, 2, ❞♦✐& ♣❛(❡& ❞❡ ❈♦❞❛③③✐

❝♦♠ ❝✉(✈❛)✉(❛ ♠5❞✐❛ Hi ❡ ❝✉(✈❛)✉(❛ ❡①)(7♥&❡❝❛ Ki
e✳ ❙❡ ❛♠❜♦& ♦& ♣❛(❡& );♠ ❛ ♠❡&♠❛ ❚❡(❝❡✐(❛

❋♦(♠❛ ❋✉♥❞❛♠❡♥)❛❧ ❝♦♠ Ki
e(p) 6= 0✱ ∀ p ∈ Σ ❡

H1

K1
e
= H2

K2
e
✱ ❡♥)?♦ (I1, II1) = (I2, II2)✳

❉❡♠♦♥&)(❛A?♦✳ ❙❡♥❞♦ Ki
e(p) 6= 0 ∀ p ∈ Σ✱ ❡♥+0♦ ♦ ♦♣❡&❛❞♦& ❞❡ ❲❡✐♥❣❛&+❡♥ Si ❛11♦❝✐❛❞♦

❛♦ ♣❛& (Ii, IIi) $ ✐♥✈❡&+4✈❡❧✳ ❈♦♥1❡7✉❡♥+❡♠❡♥+❡ S2
i +❛♠❜$♠ $ ✐♥✈❡&+4✈❡❧✳ ❆11✐♠ III $ ✉♠❛

♠$+&✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ Σ✳ ▲♦❣♦ (III, IIi) $ ✉♠ ♣❛& ❢✉♥❞❛♠❡♥+❛❧✳

❙❡❥❛ Ŝi ♦ ♦♣❡&❛❞♦& ❞❡ ❲❡✐♥❣❛&+❡♥ ❛11♦❝✐❛❞♦ ❛♦ ♣❛& (III, IIi)✳ ❊♥+0♦ ♣♦& ✭✶✳✶✮

IIi(X, Y ) = III(ŜiX, Y ), X, Y ∈ X(Σ).

❯1❛♥❞♦ ✭✶✳✶✮ ❡ ✭✷✳✽✮ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ +❡♠♦1

Ii(SiX, Y ) = IIi(X, Y ) = III(ŜiX, Y ) = Ii(SiŜiX,SiY ), X, Y ∈ X(Σ),

❙❡❣✉❡ ❞❡

Ii(X,SiY ) = Ii(SiŜiX,SiY ),

7✉❡ SiŜi = Id✱ ✐1+♦ $✱ Ŝi = S−1i ✳

▼♦1+&❡♠♦1 ❛❣♦&❛ 7✉❡ ∇ ❞❡✜♥✐❞❛ ♣♦& Si∇XY = ∇i
XSiY $ ❛ ❝♦♥❡①0♦ ❞❡ ▲❡✈✐✲❈✐✈✐+❛ ❞❡

III ❡♠ Σ✱ ❡♠ 7✉❡ ∇i
$ ❛ ❝♦♥❡①0♦ ❞❡ ▲❡✈✐✲❈✐✈✐+❛ ❛11♦❝✐❛❞❛ ❛♦1 ♣❛&❡1 ❞❡ ❈♦❞❛③③✐ (Ii, IIi)✱

i, j = 1, 2✳

❙❡❥❛♠ X✱ Y ✱ Z ∈ X(Σ) ❡ f ✱ g ∈ C∞(Σ)✳
❯1❛♥❞♦ ❛1 ♣&♦♣&✐❡❞❛❞❡1 ❞❛ ❝♦♥❡①0♦ ❛✜♠ ∇i

❡ ❛ ❞❡✜♥✐K0♦ ❞❡ ∇✱ +❡♠♦1✿

✶✳ ∇ $ ✉♠❛ ❝♦♥❡①0♦ ❛✜♠✳

❉❡ ❢❛+♦✱ ♣♦✐1

i) Si∇fX+gYZ = ∇i
fX+gY SiZ

= f∇i
XSiZ + g∇i

Y SiZ

= fSi∇XZ + gSi∇YZ

= Si(f∇XZ + g∇YZ)

ii) Si∇X(Y + Z) = ∇i
XSi(Y + Z)

= ∇i
XSiY +∇i

XSiZ

= Si∇XY + Si∇XZ

= Si(∇XY +∇XZ)

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼



✷✳✶✳ #❛%❡' ❞❡ ❈♦❞❛③③✐ ♥❛ ❚❡♦%✐❛ ❞❡ '✉♣❡%❢2❝✐❡' ✷✷

iii) Si∇X(fY ) = ∇i
XSi(fY )

= ∇i
Xf(SiY )

= f∇i
XSiY +X(f)SiY

= fSi∇XY +X(f)SiY

= Si(f∇XY +X(f)Y )

✷✳ ∇ " #✐♠"&'✐❝❛✳

❉❡ ❢❛&♦✱ ♣♦✐#

Si(∇XY −∇YX) = Si∇XY − Si∇YX

= ∇i
XSiY −∇i

Y SiX

= Si[X, Y ].

❱✐#&♦ 1✉❡ (Ii, IIi) " ✉♠ ♣❛' ❞❡ ❈♦❞❛③③✐✳

✸✳ ∇ " ❝♦♠♣❛&7✈❡❧ ❝♦♠ ❛ ♠"&'✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ III✳

❉❡ ❢❛&♦✱ ♣♦✐#

III(∇XY, Z) + III(Y,∇XZ) = Ii(Si∇XY, SiZ) + Ii(SiY, Si∇XZ)

= Ii(∇i
XSiY, SiZ) + Ii(SiY,∇i

XSiZ)

= XIi(SiY, SiZ)

= XIII(Y, Z).

❈♦♠♦ ♦ ♦♣❡'❛❞♦' ❞❡ ❲❡✐♥❣❛'&❡♥ ❛##♦❝✐❛❞♦ ❛♦ ♣❛' (III, IIi) " S−1✱ ❡♥&>♦ ✉#❛♥❞♦ ❛ ❞❡✜✲

♥✐A>♦ ❞❡ ∇ ❡ ♦ ❢❛&♦ ❞♦ ♣❛' (Ii, IIi) #❡' ❞❡ ❈♦❞❛③③✐✱ &❡♠♦#

Si(∇XS
−1Y −∇Y S

−1X − S−1[X, Y ]) = Si∇XS
−1Y − Si∇Y S

−1X − SiS
−1[X, Y ]

= ∇i
XSiS

−1Y −∇i
Y SiS

−1X − SiS
−1[X, Y ]

= ∇i
XY −∇i

YX − [X, Y ]

= 0.

▲♦❣♦ (III, IIi) " ✉♠ ♣❛' ❞❡ ❈♦❞❛③③✐✳

❙❡♥❞♦ ❛✉&♦✲❛❞❥✉♥&♦ ♦ ♦♣❡'❛❞♦' S1✱ ❡①✐#&❡ ✉♠❛ ❜❛#❡ ♦'&♦♥♦'♠❛❧✱ ❡♠ '❡❧❛A>♦ G ♠"&'✐❝❛

❘✐❡♠❛♥♥✐❛♥❛ I1✱ {X1, X2} ❞❡ TpΣ &❛❧ 1✉❡ S1X1 = α1X1 ❡ S1X2 = α2X2✱ ✐#&♦ "✱ X1✱ X2 #>♦

❛✉&♦✈❡&♦'❡# ❡ α1✱ α2 #>♦ ❛✉&♦✈❛❧♦'❡# ❞❡ S1✳ ❖❜#❡'✈❛♠♦# 1✉❡ αj 6= 0✱ j = 1, 2✱ ♣♦✐# K1
e 6= 0✳

❆❧"♠ ❞✐##♦✱

I1(Xj, Xk) = δjk =

{
1, #❡ j = k

0, #❡ j 6= k
.

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼



✷✳✶✳ #❛%❡' ❞❡ ❈♦❞❛③③✐ ♥❛ ❚❡♦%✐❛ ❞❡ '✉♣❡%❢2❝✐❡' ✷✸

▲♦❣♦ ♣❛%❛ ❛ ♠'(%✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ III✱ (❡♠♦/✿

III(Xj, Xk) = I1(S1Xj, S1Xk)

= I1(αjXj, αkXk)

= αjαkI1(Xj, Xk)

= αjαkδjk, j, k = 1, 2

❆//✐♠✱ ✉♠❛ ❜❛/❡ ♦%(♦♥♦%♠❛❧ ❝♦♠ %❡❧❛56♦ 7 ♠'(%✐❝❛ III ' {Y1, Y2}✱ ❡♠ 8✉❡ Y1 =
1
α1

X1 ❡

Y2 =
1
α2

X2✳ ❙❡❣✉❡ 8✉❡

2H(III, II1) = II1(Y1, Y1) + II1(Y2, Y2)

= I1(S1Y1, Y1) + I1(S1Y2, Y2)

=
1

α2
1

I1(S1X1, X1) +
1

α2
2

I1(S1X2, X2)

=
1

α1

I1(X1, X1) +
1

α2

I1(X2, X2)

=
1

α1

+
1

α2

=
α1 + α2

α1α2

❊♥(6♦✱

H(III, II1) =
1
2
(α1 + α2)

α1α2

=
H1

K1
e

❆♥❛❧♦❣❛♠❡♥(❡✱ ♦❜(❡♠♦/

H(III, II2) =
H2

K2
e

.

❉❛=✱ H(III, II1) = H(III, II2)✱ ♣♦✐/ ♣♦% ❤✐♣?(❡/❡
H1

K1
e

=
H2

K2
e

✳ ❈♦♥/❡8✉❡♥(❡♠❡♥(❡✱ ✉/❛♥❞♦

♦ ❈♦%♦❧B%✐♦ 2.4 ♣❛%❛ ♦/ ♣❛%❡/ ❞❡ ❈♦❞❛③③✐ (III, II1) ❡ (III, II2)✱ (❡♠♦/ II1 = II2✳

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼
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 ♦" ♦✉$"♦ ❧❛❞♦✱

Ke(III, II1) = II1(Y1, Y2)II1(Y2, Y2)

= I1(S1Y1, Y1)I1(S1Y2, Y2)

=
1

α1

I1(X1, X1)
1

α2

I1(X2, X2)

=
1

α1α2

=
1

K1
e

❉❡ ❢♦"♠❛ ❛♥.❧♦❣❛✱ ♦❜$❡♠♦1

Ke(III, II2) =
1

K2
e

.

❙❡❣✉❡ ❞❡1$❛1 ❡①♣"❡115❡1 6✉❡

1

K1
e

=
1

K2
e

✳ ❈♦♥1❡6✉❡♥$❡♠❡♥$❡ K1
e = K2

e ✳

 ♦" ✜♠✱ ✉1❛♥❞♦ ✭✷✳✼✮✱ $❡♠♦1 6✉❡

Ii = −
1

Ki
e

+ 2
Hi

Ki
e

IIi.

 ♦"$❛♥$♦ I1 = I2✳

�

❖ ❝♦"♦❧."✐♦ ❛♥$❡"✐♦" A ❛ ✈❡"1C♦ ❛❜1$"❛$❛ ❞♦ $❡♦"❡♠❛ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ♣"♦❜❧❡♠❛ ❞❡ ❈❤"✐1✲

$♦✛❡❧✳ ▲❡♠❜"❛♠♦1 6✉❡✱ ❡♠ R
3
✱ ❡1$❡ "❡1✉❧$❛❞♦ ♥♦1 ❞✐③ 6✉❡ ❞✉❛# ✐♠❡'#(❡# ✐#♦♠*+'✐❝❛# ❞❡ ✉♠❛

#✉♣❡'❢/❝✐❡ ❤♦♠❡♦♠♦'❢❛ ❛ ✉♠❛ ❡#❢❡'❛✱ ❝♦♠ ❛1 ♠❡1♠❛1 ❤✐♣I$❡1❡1 ❞❛❞❛1✱ ❝♦✐♥❝✐❞❡♠✳

❖❜'❡%✈❛89♦ ✷✳✷✳ ❖# +❡♦'❡♠❛# ❞❡ ❇♦♥♥❡+ ❡ ❯♥✐❝✐❞❛❞❡ ❞♦ 5'♦❜❧❡♠❛ ❞❡ ❈❤'✐#+♦✛❡❧✱ ❛♠❜♦#

❡♠ R
3
✱ #;♦ ❝♦♥#❡<✉=♥❝✐❛# ❞♦ +❡♦'❡♠❛ ❞❡ ❇♦♥♥❡+ ❛❜#+'❛+♦✱ <✉❛♥❞♦ * ❛♣❧✐❝❛❞♦ ♣❛'❛ ♣❛'❡# ❞❡

❈♦❞❛③③✐ (I, II) ❡ (III, II)✱ '❡#♣❡❝+✐✈❛♠❡♥+❡✳ ❘❡##❛❧+❛♠♦# <✉❡ ❡♠ R
3
✱ ❡#+❡# '❡#✉❧+❛❞♦# #;♦

♣'♦✈❛❞♦# ✉#❛♥❞♦ ❛ +❡♦'✐❛ ❞❡ ✐♥+❡❣'❛C;♦ ❡♠ #✉♣❡'❢/❝✐❡#✳

❖ ♣"I①✐♠♦ "❡1✉❧$❛❞♦ A ✉♠❛ ❣❡♥❡"❛❧✐③❛JC♦ ❞❡ ✉♠ $❡♦"❡♠❛ ♣"♦✈❛❞♦ ♣♦" ●"♦✈❡ ❡♠ ❬✶✷❪

1♦❜"❡ ❛ "✐❣✐❞❡③ ❞❡ ♦✈❛❧I✐❞❡1✳ ❊❧❡ ♣"♦✈♦✉ 6✉❡ ❞♦✐1 ♦✈❛❧I✐❞❡1 ❡♠ R
3
✱ ❝♦♠ ❛ ♠❡1♠❛ 1❡❣✉♥❞❛

❢♦"♠❛ ❢✉♥❞❛♠❡♥$❛❧ ❡ ❝✉"✈❛$✉"❛ ❡①$"P♥1❡❝❛✱ 1C♦ ❝♦♥❣"✉❡♥$❡1✳

❖❜'❡%✈❛89♦ ✷✳✸✳ ❆# #✉♣❡'❢/❝✐❡# ❝♦♥❡①❛# ❡ ❝♦♠♣❛❝+❛# ❡♠ R
3
❝♦♠ ❝✉'✈❛+✉'❛ ●❛✉##✐❛♥❛ ♣♦✲

#✐+✐✈❛ #;♦ ❝❤❛♠❛❞❛# ♦✈❛❧H✐❞❡#✳

❚❡♦%❡♠❛ ✷✳✸ ✭❚❡♦"❡♠❛ ❞❡ ●"♦✈❡ ❆❜1$"❛$♦✮✳ ❙❡❥❛ Σ ✉♠❛ ❡#❢❡'❛ +♦♣♦❧H❣✐❝❛ ❡ (Ii, II)✱ ✐ ❂ ✶✱

✷✱ ❞♦✐# ♣❛'❡# ❞❡ ❈♦❞❛③③✐ ❡♠ Σ✱ ❝♦♠ ❛ ♠❡#♠❛ ❝✉'✈❛+✉'❛ ❡①+'/♥#❡❝❛ Ke > 0✳ ❊♥+;♦ I1 = I2✳

❉❡♠♦♥#+'❛C;♦✳ ❙❡♥❞♦ Ke(Ii, II) > 0✱ ❡♥$C♦ II A ✉♠❛ ♠A$"✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ Σ✳ ❚♦♠❛♥❞♦

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼



✷✳✶✳ #❛%❡' ❞❡ ❈♦❞❛③③✐ ♥❛ ❚❡♦%✐❛ ❞❡ '✉♣❡%❢2❝✐❡' ✷✺

✉♠ ♣❛$%♠❡'$♦ ❝♦♥❢♦$♠❡ ❧♦❝❛❧ z ♣❛$❛ II✱ '❡♠♦. /✉❡

Ii = Pidz
2 + 2λi|dz|2 + Pidz

2,

II = 2ρ|dz|2.

❆..✐♠✱ ❛. ❝✉$✈❛'✉$❛. ♠3❞✐❛ ❡ ❡①'$6♥.❡❝❛ ❞♦ ♣❛$ (Ii, II) .7♦ ❞❛❞❛. ♣♦$

Hi(Ii, II) =
−2λiρ

2(|Pi|2 − λ2
i )
=

λiρ

λ2
i − |Pi|2

, ✭✷✳✾✮

❡

Ke(Ii, II) =
−ρ2

|Pi|2 − λ2
i

=
ρ2

λ2
i − |Pi|2

. ✭✷✳✶✵✮

❉❡♥♦'❡♠♦. ♣♦$ ∇i
❛ ❝♦♥❡①7♦ ❞❡ ▲❡✈✐✲❈✐✈✐'❛ ❛..♦❝✐❛❞❛ C ♠3'$✐❝❛ Ii✱ ❡ ❡.❝$❡✈❡♠♦.

∇i
∂
∂z

∂

∂z
= Γ1,i

11

∂

∂z
+ Γ2,i

11

∂

∂z
,

∇i
∂
∂z

∂

∂z
= Γ1,i

12

∂

∂z
+ Γ1,i

12

∂

∂z
,

♦♥❞❡ Γ1,i
12 = Γ2,i

12 ✳

❙❡♥❞♦ (Ii, II) ✉♠ ♣❛$ ❞❡ ❈♦❞❛③③✐✱ '❡♠♦. /✉❡

∇i
∂
∂z

Si

∂

∂z
−∇i

∂
∂z

Si

∂

∂z
= 0. ✭✷✳✶✶✮

❋❛③❡♥❞♦ ♦ ♣$♦❞✉'♦ ✐♥'❡$♥♦ ❡♠ ✭✷✳✶✶✮ ♣♦$

∂

∂z
✱ ❡ ✉.❛♥❞♦ ❛ ❝♦♠♣❛'✐❜✐❧✐❞❛❞❡ ❞❡ ∇i

❝♦♠ Ii✱

♦❜'❡♠♦.

Ii

(
∇i

∂
∂z

Si

∂

∂z
,
∂

∂z

)
− Ii

(
∇i

∂
∂z

Si

∂

∂z
,
∂

∂z

)
= 0.

∂

∂z
Ii

(
Si

∂

∂z
,
∂

∂z

)
−Ii

(
Si

∂

∂z
,∇i

∂
∂z

∂

∂z

)
− ∂

∂z
Ii

(
Si

∂

∂z
,
∂

∂z

)
+Ii

(
Si

∂

∂z
,∇i

∂
∂z

∂

∂z

)
= 0. ✭✷✳✶✷✮

◆♦'❡ /✉❡✱

Ii

(
Si

∂

∂z
,
∂

∂z

)
= ρ

❡

Ii

(
Si

∂

∂z
,
∂

∂z

)
= Q = 0.

▲♦❣♦ ✭✷✳✶✷✮ ✜❝❛✱

ρz − Ii

(
Si

∂

∂z
,∇i

∂
∂z

∂

∂z

)
+ Ii

(
Si

∂

∂z
,∇i

∂
∂z

∂

∂z

)
= 0.

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼
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▼❛"✱

Ii

(
Si

∂

∂z
,∇i

∂
∂z

∂

∂z

)
= Ii

(
Si

∂

∂z
,Γ1,i

11

∂

∂z
+ Γ2,i

11

∂

∂z

)
= Γ1,i

11ρ+ Γ2,i
11Q = Γ1,i

11ρ

❡

Ii

(
Si

∂

∂z
,∇i

∂
∂z

∂

∂z

)
= Ii

(
Si

∂

∂z
,Γ1,i

12

∂

∂z
+ Γ1,i

12

∂

∂z

)
= Γ1,i

12Q+ Γ1,i
12ρ = Γ1,i

12ρ.

❆""✐♠✱

ρz = Γ1,i
11ρ− Γ1,i

12ρ = (Γ1,i
11 − Γ1,i

12 )ρ, ✭✷✳✶✸✮

❡♠ .✉❡

Γ1,i
11 =

1

2(λ2
i − |Pi|2)

(2λiλiz − PiPiz − λiPiz), ✭✷✳✶✹✮

Γ1,i
12 =

1

2(λ2
i − |Pi|2)

(λiPiz − PizPi). ✭✷✳✶✺✮

❉❡ ✭✷✳✶✹✮ ❡ ✭✷✳✶✺✮✱ ❡"❝4❡✈❡♠♦"

2(λ2
i − |Pi|2)Γ1,i

11 = 2λiλiz − PiPiz − λiPiz,

λiPiz = 2(λ2
i − |Pi|2)Γ1,i

12 + PizPi.

❉❛7✱

2(λ2
i − |Pi|2)Γ1,i

11 = 2λiλiz − PiPiz − 2(λ2
i − |Pi|2)Γ1,i

12 − PizPi,

.✉❡ ✐♠♣❧✐❝❛ ❡♠

2λiλiz = 2(λ2
i − |Pi|2)(Γ1,i

11 + Γ1,i
12 ) + PiPiz + PizPi. ✭✷✳✶✻✮

;♦4 ♦✉<4♦ ❧❛❞♦✱

(λ2
i − |Pi|2)z = 2λiλiz − PizPi − PiPiz.

❙✉❜"<✐<✉✐♥❞♦ ✭✷✳✶✻✮ ♥❛ ❡①♣4❡""B♦ ❛❝✐♠❛✱ 4❡"✉❧<❛ .✉❡

(λ2
i − |Pi|2)z = 2(λ2

i − |Pi|2)(Γ1,i
11 + Γ1,i

12 ). ✭✷✳✶✼✮

❉❡4✐✈❛♥❞♦ ✭✷✳✶✵✮✱ ♦❜<❡♠♦"

(Ke)z =
2ρρz(λ

2
i − |Pi|2)− ρ2(λ2

i − |Pi|2)z
(λ2

i − |Pi|2)2
,

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼
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❡ ♣♦# ✭✷✳✶✸✮ ❡ ✭✷✳✶✼✮✱

(Ke)z =
2ρ2(Γ1,i

11 − Γ1,i
12 )(λ

2
i − |Pi|2)− 2ρ2(λ2

i − |Pi|2)(Γ1,i
11 + Γ1,i

12 )

(λ2
i − |Pi|2)2

=
2ρ2(λ2

i − |Pi|2)(Γ1,i
11 − Γ1,i

12 − Γ1,i
11 − Γ1,i

12 )

(λ2
i − |Pi|2)2

=
−4ρ2Γ1,i

12

λ2
i − |Pi|2

= −4KeΓ
1,i
12 .

❈♦♥.❡/✉❡♥1❡♠❡♥1❡✱

(Ke)z = −4KeΓ
1,i
12 .

❈♦♠♦

Piz =
∂

∂z
Ii

(
∂

∂z
,
∂

∂z

)

= 2Ii

(
∇i

∂
∂z

∂

∂z
,
∂

∂z

)

= 2(Γ1,i
12Pi + Γ1,i

12λi).

❊♥14♦ .✉❜.1✐1✉✐♥❞♦

Γ1,i
12 = −

1

4Ke

(Ke)z

❡

Γ1,i
12 = −

1

4Ke

(Ke)z,

.❡❣✉❡ /✉❡

Piz = −
1

2Ke

((Ke)zPi + (Ke)zλi). ✭✷✳✶✽✮

:♦# ✭✷✳✾✮ ❡ ✭✷✳✶✵✮

λi =
ρ

Ke

Hi, i = 1, 2 e ρ,Ke > 0.

❆..✐♠✱

|λ1 − λ2| = |
ρ

Ke

H1 −
ρ

Ke

H2| =
ρ

Ke

|H1 −H2| =
ρ

Ke

√
(H1 −H2)2. ✭✷✳✶✾✮

❆✜#♠❛♠♦. /✉❡ √
(H1 −H2)2 ≤ |

√
H2

1 −Ke −
√

H2
2 −Ke|. ✭✷✳✷✵✮

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼
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❉❡ ❢❛$♦✱ ♣♦✐) ❞❡ ✭✷✳✷✵✮

(H1 −H2)
2 ≤ (

√
H2

1 −Ke −
√

H2
2 −Ke)

2

H2
1 − 2H1H2 +H2

2 ≤ H2
1 −Ke − 2

√
(H2

1 −Ke)(H2
2 −Ke) +H2

2 −Ke

−2H1H2 ≤ −2Ke − 2
√
(H2

1 −Ke)(H2
2 −Ke))

2
√
(H2

1 −Ke)(H2
2 −Ke) ≤ 2H1H2 − 2Ke

√
(H2

1 −Ke)(H2
2 −Ke) ≤ H1H2 −Ke

(H2
1 −Ke)(H

2
2 −Ke) ≤ (H1H2 −Ke)

2

H2
1H

2
2 −H2

1Ke −H2
2Ke +K2

e ≤ H2
1H

2
2 − 2H1H2Ke +K2

e

−(H2
1 +H2

2 )Ke ≤ −2H1H2Ke

−(H2
1 +H2

2 ) ≤ −2H1H2

2H1H2 ≤ H2
1 +H2

2

0 ≤ H2
1 − 2H1H2 +H2

2

0 ≤ (H1 −H2)
2.

■))♦ ❣❛2❛♥$❡ 4✉❡ ❛ ❞❡)✐❣✉❛❧❞❛❞❡ 7 )❡♠♣2❡ ✈❡2❞❛❞❡✐2❛✳

▲♦❣♦ ✉)❛♥❞♦ ✭✷✳✷✵✮ ❡♠ ✭✷✳✶✾✮✱ ♦❜$❡♠♦)

|λ1 − λ2| ≤
ρ

Ke

|
√

H2
1 −Ke −

√
H2

2 −Ke|. ✭✷✳✷✶✮

❆❧7♠ ❞✐))♦✱ ❝♦♠♦ Si 7 ♦ ♦♣❡2❛❞♦2 ❞❡ ❲❡✐♥❣❛2$❡♥ ❛))♦❝✐❛❞♦ ❛♦ ♣❛2 (Ii, II)✱ ❡♥$A♦ ♣❡❧❛

B2♦♣♦)✐CA♦ 1.4✱ ❛ ♠❛$2✐③ ❞❡ Si ❡♠ 2❡❧❛CA♦ E ❜❛)❡

{
∂

∂z
,
∂

∂z

}
7 ❞❛❞❛ ♣♦2

(
Ke

H
Ke

−Ke

ρ
Pi

−Ke

ρ
Pi Ke

H
Ke

)
,

❞♦♥❞❡

Ke = det(Si)B = H2 − K2
e

ρ2
|Pi|2.

❉❛F✱ )❡❣✉❡✲)❡ 4✉❡

|Pi| =
ρ

Ke

√
H2 −Ke.

❙✉❜)$✐$✉✐♥❞♦ ❡♠ ✭✷✳✷✶✮ ❛ ❡①♣2❡))A♦ ❛❝✐♠❛✱ $❡♠♦)

|λ1 − λ2| ≤ ||P1| − |P2|| ≤ |P1 − P2|. ✭✷✳✷✷✮

❯♥✐✈❡%'✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛' ✲ ❯❋❆▼



✷✳✷✳ ❖ #❡♥&♦( ❡ ❛ ❢✉♥,-♦ ❞❡ ❈♦❞❛③③✐ ✷✾

 ♦" ♦✉$"♦ ❧❛❞♦✱ ❞❡ ✭✷✳✶✽✮ ❡ ✭✷✳✷✷✮✱ ♦❜$❡♠♦2

|P1z − P2z| =
|(Ke)zP1 + (Ke)zλ1 − (Ke)zP2 − (Ke)zλ2|

2Ke

≤ |(Ke)z||P1 − P2|+ |(Ke)z||λ1 − λ2|
2Ke

≤ |(Ke)z||P1 − P2|+ |(Ke)z||P1 − P2|
2Ke

=
|(Ke)z|+ |(Ke)z|

2Ke

|P1 − P2|.

❈♦♠♦ ♣♦" ❤✐♣7$❡2❡ Σ 8 ✉♠❛ ❡2❢❡"❛ $♦♣♦❧7❣✐❝❛✱ ❡♥$=♦ ✉2❛♥❞♦ ♦ ▲❡♠❛ 2.1✱ ❝♦♥❝❧✉?♠♦2 @✉❡

❛ ❢♦"♠❛ @✉❛❞"A$✐❝❛ (P1−P2)dz
2
8 ✐❞❡♥$✐❝❛♠❡♥$❡ ♥✉❧❛ ❡♠ Σ✱ ❧♦❣♦ P1 ≡ P2✳ ❆❧8♠ ❞✐22♦✱ ❝♦♠♦

❛ ❝✉"✈❛$✉"❛ ❡①$"?♥2❡❝❛ 8 ❛ ♠❡2♠❛ ♣❛"❛ ♦2 ♣❛"❡2 (Ii, II)✱ i = 1, 2✱ ❡♥$=♦ λ1 = λ2 ♣♦" ✭✷✳✶✵✮✳

 ♦"$❛♥$♦ I1 = I2✳ �

✷✳✷ ❖ #❡♥&♦( ❡ ❛ ❢✉♥,-♦ ❞❡ ❈♦❞❛③③✐

❙❛❜❡♠♦2 @✉❡ ♥❡♠ 2❡♠♣"❡ ✉♠ ♣❛" ❢✉♥❞❛♠❡♥$❛❧ ❡♠ ✉♠❛ 2✉♣❡"❢?❝✐❡ 8 ✉♠ ♣❛" ❞❡ ❈♦❞❛③③✐✱

♠❛2 ❝♦♥2❡❣✉✐♠♦2 ♦❜$❡" ❝♦♥2❡@✉H♥❝✐❛2 ✐♠♣♦"$❛♥$❡2 2♦❜"❡ ❛ 2✉♣❡"❢?❝✐❡✱ @✉❛♥❞♦ ❞❡✜♥✐♠♦2 ♦

$❡♥2♦" ❞❡ ❈♦❞❛③③✐ ❡ ❛ ❢✉♥J=♦ ❞❡ ❈♦❞❛③③✐✳ ❚❛❧ ❡2$✉❞♦ 2❡"A ❞❡2❡♥✈♦❧✈✐❞♦ ♥❡2$❛ 2❡J=♦✳

❉❡✜♥✐,-♦ ✷✳✷✳ ❉❛❞♦ ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ (I, II) ❡♠ ✉♠❛ -✉♣❡'❢.❝✐❡ Σ✱ ❝♦♠ ♦♣❡'❛❞♦' ❞❡

❲❡✐♥❣❛'+❡♥ S✱ ❝❤❛♠❛'❡♠♦- +❡♥-♦' ❞❡ ❈♦❞❛③③✐ ❞❡ (I, II) ♣❛'❛ ❛ ❛♣❧✐❝❛78♦ TS : X(Σ)×X(Σ)→
X(Σ) ❞❡✜♥✐❞❛ ♣♦'

TS(X, Y ) = ∇XSY −∇Y SX − S[X, Y ], X, Y ∈ X(Σ).

❙❡❣✉❡ ❞❛ ❞❡✜♥✐J=♦ ❛♥$❡"✐♦"✱ @✉❡ ✉♠ ♣❛" ❢✉♥❞❛♠❡♥$❛❧ (I, II) 8 ✉♠ ♣❛" ❞❡ ❈♦❞❛③③✐ ❡♠ Σ✱

@✉❛♥❞♦ TS(X, Y ) = 0✱ X✱ Y ∈ X(Σ)✳

❖ $❡♥2♦" ❞❡ ❈♦❞❛③③✐ ❞❡ ✉♠ ♣❛" ❢✉♥❞❛♠❡♥$❛❧ ❡♠ ✉♠❛ 2✉♣❡"❢?❝✐❡ 2❛$✐2❢❛③ ❛2 2❡❣✉✐♥$❡2

♣"♦♣"✐❡❞❛❞❡2 ❜A2✐❝❛2✿

▲❡♠❛ ✷✳✷✳ ❙❡❥❛ (I, II) ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ ❡♠ ✉♠❛ -✉♣❡'❢.❝✐❡ Σ✱ ❝♦♠ ♦♣❡'❛❞♦' ❞❡ ❲❡✐♥✲

❣❛'+❡♥ S ❡ +❡♥-♦' ❞❡ ❈♦❞❛③③✐ TS✳ ❊♥+8♦

✶✳ TS @ ❛♥+✐✲-✐♠@+'✐❝♦✱ ✐-+♦ @✱ TS(X, Y ) = −TS(Y,X) ♣❛'❛ +♦❞♦ X, Y ∈ X(Σ)

✷✳ TS @ C∞(Σ)− bilinear✱ ✐-+♦ @✱

TS(f1X1 + f2X2, Y ) = f1TS(X1, Y ) + f2TS(X2, Y ),

TS(X, f1Y1 + f2Y2) = f1TS(X, Y1) + f2TS(X, Y2),

X1, X2, Y1, Y2, X, Y ∈ X(Σ) ❡ f1, f2 C∞(Σ)✳

❯♥✐✈❡(&✐❞❛❞❡ ❋❡❞❡(❛❧ ❞♦ ❆♠❛③♦♥❛& ✲ ❯❋❆▼
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✸✳ ❉❛❞♦& ❝❛♠♣♦& ❞❡ ✈❡,♦-❡& X, Y ∈ X(Σ) ❡ f ∈ C∞(Σ)✱ ,❡♠♦&

TfS(X, Y ) = fTS(X, Y ) +X(f)SY − Y (f)SX. ✭✷✳✷✸✮

❉❡♠♦♥&,-❛01♦✳ 1 ✳ ❙❡❥❛♠ X✱ Y ∈ X(Σ)✳ ❈♦♠♦ [X, Y ] = −[Y,X]✱ ❡♥./♦

TS(X, Y ) = ∇XSY −∇Y SX − S[X, Y ]

= −(∇Y SX −∇XSY + S[X, Y ])

= −(∇Y SX −∇XSY − S[Y,X])

= −TS(Y,X).

2 ✳ ❙❡❥❛♠ X1✱ X2✱ Y ∈ X(Σ) ❡ f1✱ f2 ∈ C∞(Σ)✳ ❚❡♠♦1 2✉❡

TS(f1X1 + f2X2, Y ) = ∇f1X1+f2X2
SY −∇Y S(f1X1 + f2X2)− S[f1X1 + f2X2, Y ]. ✭✷✳✷✹✮

▼❛1

∇f1X1+f2X2
SY = f1∇X1

SY + f2∇X2
SY, ✭✷✳✷✺✮

∇Y S(f1X1 + f2X2) = ∇Y (f1SX1 + f2SX2)

= f1∇Y SX1 + Y (f1)SX1 + f2∇Y SX2 + Y (f2)SX2, ✭✷✳✷✻✮

S[f1X1 + f2X2, Y ] = S[f1X1, Y ] + S[f2X2, Y ]

= S(f1[X1, Y ]− Y (f1)X1) + S(f2[X2, Y ]− Y (f2)X2)

= f1S[X1, Y ]− Y (f1)SX1 + f2S[X2, Y ]− Y (f2)SX2. ✭✷✳✷✼✮

❋❛③❡♥❞♦ ❛ 1✉❜1.✐.✉✐>/♦ ❞❡ ✭✷✳✷✺✮✱ ✭✷✳✷✻✮ ❡ ✭✷✳✷✼✮ ❡♠ ✭✷✳✷✹✮✱ ♦❜.❡♠♦1

TS(f1X1 + f2X2, Y ) = f1TS(X1, Y ) + f2TS(X2, Y ).

❉❡ ❢♦A♠❛ ❛♥B❧♦❣❛✱ ♦❜.❡♠♦1

TS(X, f1Y1 + f2Y2) = f1TS(X, Y1) + f2TS(X, Y2).

❯♥✐✈❡%&✐❞❛❞❡ ❋❡❞❡%❛❧ ❞♦ ❆♠❛③♦♥❛& ✲ ❯❋❆▼
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3 ✳ ❙❡❥❛♠ X✱ Y ∈ X(Σ) ❡ f ∈ C∞(Σ)✱ ❡♥()♦

TfS(X, Y ) = ∇XfSY −∇Y fSX − fS[X, Y ]

= f∇XSY +X(f)SY − f∇Y SX − Y (f)SX − fS[X, Y ]

= f(∇XSY −∇Y SX − S[X, Y ]) +X(f)SY − Y (f)SX

= fTS(X, Y ) +X(f)SY − Y (f)SX.

�

❆,,♦❝✐❛❞♦ ❛♦ (❡♥,♦0 ❞❡ ❈♦❞❛③③✐ ❞❡ ✉♠ ♣❛0 ❢✉♥❞❛♠❡♥(❛❧ (I, II)✱ ❞❡✜♥✐♠♦, ❛ ❢✉♥8)♦ ❞❡

❈♦❞❛③③✐✱ ❛ 9✉❛❧ ♠❡❞❡ ♦ 9✉❛♥(♦ ♦ ♣❛0 ❢✉♥❞❛♠❡♥(❛❧ ❞❡✐①❛ ❞❡ ,❡0 ❈♦❞❛③③✐✳

❉❡✜♥✐,-♦ ✷✳✸✳ ❙❡❥❛ (I, II) ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ ❡♠ ✉♠❛ -✉♣❡'❢.❝✐❡ Σ✱ ❝♦♠ ♦♣❡'❛❞♦' ❞❡

❲❡✐♥❣❛'+❡♥ ❛--♦❝✐❛❞♦ ❙✳ ❈❤❛♠❛♠♦- ❞❡ ❢✉♥89♦ ❞❡ ❈♦❞❛③③✐ ❞♦ ♣❛' (I, II) ❛ ❢✉♥89♦ τS : Σ→ R

❞❛❞❛ ♣♦'

I(TS(u, v), TS(u, v)) = τS(p)(I(u, u)I(v, v)− I(u, v)2),

♦♥❞❡ {u, v} ; ✉♠❛ ❜❛-❡ ❞❡ TpΣ✱ ❝♦♠ p ∈ Σ✳

❱❛♠♦, ♠♦,(0❛0 9✉❡ ❛ ❢✉♥8)♦ ❞❡ ❈♦❞❛③③✐ τS < ✉♠❛ ❢✉♥8)♦ ❞✐❢❡0❡♥❝✐=✈❡❧ ❜❡♠✲❞❡✜♥✐❞❛✱ ✐,(♦

<✱ ✐♥❞❡♣❡♥❞❡ ❞❛ ❡,❝♦❧❤❛ ❞❛ ❜❛,❡ ❞❡ TpΣ✳

❉❡ ❢❛(♦✱ ,❡❥❛ {u′, v′} ♦✉(0❛ ❜❛,❡ ❞❡ TpΣ✳ ❊♥()♦ ♣♦❞❡♠♦, ❡,❝0❡✈❡0

u′ = α1u+ β1v

v′ = α2u+ β2v, α1, α2, β1, β2 ∈ R,

(❛❧ 9✉❡ α1β2 − β1α2 6= 0.

▲♦❣♦✱

TS(u
′, v′) = TS(α1u+ β1v, α2u+ β2v)

= α1α2TS(u, u) + α1β2TS(u, v) + β1α2TS(v, u) + α1β2TS(v, v)

= α1β2TS(u, v)− β1α2TS(u, v)

= (α1β2 − β1α2)TS(u, v), ✭✷✳✷✽✮

❡♠ 9✉❡ TS(u, u) = TS(v, v) = 0 ❡ TS(v, u) = −TS(u, v)✳

❆❧<♠ ❞✐,,♦✱

I(u′, u′) = I(α1u+ β1v, α2u+ β2v)

= α2
1I(u, u) + 2α1β1I(u, v) + β2

1I(v, v),

I(v′, v′) = α2
2I(u, u) + 2α2β2I(u, v) + β2

2I(v, v),

I(u′, v′) = α1α2I(u, v) + (α1β2α2β1)I(u, v) + β1β2I(v, v).

❯♥✐✈❡(&✐❞❛❞❡ ❋❡❞❡(❛❧ ❞♦ ❆♠❛③♦♥❛& ✲ ❯❋❆▼
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❙❡❣✉❡ $✉❡

I(u′, u′)I(v′, v′)− I(u′, v′)2 = (α1β2 − β1α2)
2(I(u, u)I(v, v)− I(u, v)2). ✭✷✳✷✾✮

*♦, ✜♠✱ ✉0❛♥❞♦ ✭✷✳✷✽✮ ❡ ✭✷✳✷✾✮✱ 5❡♠♦0✿

τS(p) =
I(TS(u

′, v′), TS(u
′, v′))

I(u′, u′)I(v′, v′)− I(u′, v′)2
=

I(TS(u, v), TS(u, v))

I(u, u)I(v, v)− I(u, v)2
.

❖❜&❡(✈❛,-♦ ✷✳✹✳ τS  ✐❞❡♥%✐❝❛♠❡♥%❡ ♥✉❧❛ +❡✱ ❡ +♦♠❡♥%❡ +❡✱ (I, II)  ✉♠ ♣❛/ ❞❡ ❈♦❞❛③③✐✳

▲❡♠❛ ✷✳✸✳ ❙❡❥❛ (I, II) ✉♠ ♣❛/ ❢✉♥❞❛♠❡♥%❛❧ ❡♠ ✉♠❛ +✉♣❡/❢6❝✐❡ Σ✱ ❝♦♠ ♦♣❡/❛❞♦/ ❞❡ ❲❡✐♥✲

❣❛/%❡♥ ❛++♦❝✐❛❞♦ S✱ ❝✉/✈❛%✉/❛ ♠ ❞✐❛ H ❡ ❝✉/✈❛%✉/❛ ❡①%/6♥+❡❝❛ Ke✳ ❙❡ z  ✉♠ ♣❛/<♠❡%/♦

❝♦♥❢♦/♠❡ ❧♦❝❛❧ ♣❛/❛ I✱ %❛❧ =✉❡

I = 2λ|dz|2,
II = Qdz2 + 2Hλ|dz|2 +Qdz2.

❊♥%?♦

|Qz|2 =
λτS̃

2(H2 −Ke)
|Q|2,

♦♥❞❡ S̃  ♦ ♦♣❡/❛❞♦/ ❞❡ %/❛@♦ ♥✉❧♦ S −HId✱ ❡ Idp ❛ ❛♣❧✐❝❛@?♦ ✐❞❡♥%✐❞❛❞❡ ❞♦ ♣❧❛♥♦ %❛♥❣❡♥%❡

❡♠ p ∈ Σ✳

❉❡♠♦♥+%/❛@?♦✳ *❛,❛ ✉♠ ♣❛,8♠❡5,♦ ❝♦♥❢♦,♠❡ ❧♦❝❛❧ z✱ 0❛❜❡♠♦0 $✉❡ ❛ ❝♦♥❡①>♦ ❞❡ ▲❡✈✐✲❈✐✈✐5❛

❝♦♠♣❛5D✈❡❧ ❝♦♠ I E ❞❛❞❛ ♣♦,

∇ ∂
∂z

∂

∂z
=

λz

λ

∂

∂z
,

∇ ∂
∂z

∂

∂z
= 0.

❚❡♠♦0 5❛♠❜E♠ $✉❡ ♦ ♦♣❡,❛❞♦, ❞❡ ❲❡✐♥❣❛,5❡♥ S E ❞❛❞♦ ♣♦,

S
∂

∂z
= H

∂

∂z
+

Q

λ

∂

∂z
,

S
∂

∂z
=

Q

λ

∂

∂z
+H

∂

∂z
.

❊♥5>♦

TS̃(
∂

∂z
,
∂

∂z
) = ∇ ∂

∂z
S̃

∂

∂z
−∇ ∂

∂z
S̃

∂

∂z
,

♦♥❞❡

[
∂

∂z
,
∂

∂z

]
= 0✳

❯♥✐✈❡(&✐❞❛❞❡ ❋❡❞❡(❛❧ ❞♦ ❆♠❛③♦♥❛& ✲ ❯❋❆▼
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▼❛"

∇ ∂
∂z
S̃

∂

∂z
= ∇ ∂

∂z
(S −HId)

∂

∂z

= ∇ ∂
∂z
S

∂

∂z
−∇ ∂

∂z
HId

∂

∂z

= ∇ ∂
∂z
(
Q

λ

∂

∂z
+H

∂

∂z
)−∇ ∂

∂z
HId

∂

∂z

= ∇ ∂
∂z

Q

λ

∂

∂z
+∇ ∂

∂z
H

∂

∂z
−∇ ∂

∂z
HId

∂

∂z

=
Q

λ
∇ ∂

∂z

∂

∂z
+

(
Q

λ

)

z

∂

∂z

=
Qλz

λ2
+

Qzλ−Qλz

λ2

∂

∂z

=
Qz

λ

∂

∂z
.

❉❡ ❢♦'♠❛ ❛♥*❧♦❣❛✱

∇ ∂
∂z
S̃

∂

∂z
=

Qz

λ

∂

∂z
.

▲♦❣♦

TS̃

(
∂

∂z
,
∂

∂z

)
=
1

λ

(
Qz

∂

∂z
−Qz

∂

∂z

)
. ✭✷✳✸✵✮

❆❧6♠ ❞✐""♦✱ ❛ ❞❡✜♥✐:;♦ ❞❛ ❢✉♥:;♦ ❞❡ ❈♦❞❛③③✐ ✜❝❛✿

I

(
TS̃

(
∂

∂z
,
∂

∂z

)
, TS̃

(
∂

∂z
,
∂

∂z

))
= −τS̃

(
I

(
∂

∂z
,
∂

∂z

)2
)
, ✭✷✳✸✶✮

♦♥❞❡ I

(
∂

∂z
,
∂

∂z

)
= I

(
∂

∂z
,
∂

∂z

)
= 0✳

❊♥C;♦ "✉❜"C✐C✉✐♥❞♦ ✭✷✳✸✵✮ ❡♠ ✭✷✳✸✶✮✱ C❡♠♦"✿

−τS̃λ2 =
1

λ2
I

(
Qz

∂

∂z
−Qz

∂

∂z
,Qz

∂

∂z
−Qz

∂

∂z

)

=
1

λ2
(−QzQzλ−QzQzλ)

= −2QzQz

λ

= −2|Qz|2
λ

❙❡❣✉❡ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ F✉❡

|Qz|2 =
λτS̃
2

λ2.

❯♥✐✈❡(&✐❞❛❞❡ ❋❡❞❡(❛❧ ❞♦ ❆♠❛③♦♥❛& ✲ ❯❋❆▼



✷✳✷✳ ❖ #❡♥&♦( ❡ ❛ ❢✉♥,-♦ ❞❡ ❈♦❞❛③③✐ ✸✹

❉❡ ✭✶✳✸✷✮✱

λ2 =
|Q|2

H2 −Ke

.

)♦+,❛♥,♦✱

|Qz|2 =
λτS̃

2(H2 −Ke)
|Q2|,

❝♦♠♦ 1✉❡+3❛♠♦4 ❞❡♠♦♥4,+❛+✳ �

)❛+❛ ♦ ♣+7①✐♠♦ +❡4✉❧,❛❞♦✱ ❞❛❞♦ ✉♠ ♣❛+ ❢✉♥❞❛♠❡♥,❛❧ (I, II) ❡♠ ✉♠❛ 4✉♣❡+❢3❝✐❡ Σ✱ ❞❡♥♦✲

,❛+❡♠♦4 ♣♦+ ΣU ⊆ Σ✱ ♦ ❝♦♥❥✉♥,♦ ❞♦4 ♣♦♥,♦4 ✉♠❜3❧✐❝♦4 ❞❡4,❡ ♣❛+✳

❚❡♦(❡♠❛ ✷✳✹✳ ❙❡❥❛ (I, II) ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ ❡♠ ✉♠❛ -✉♣❡'❢.❝✐❡ Σ ❝♦♠ ♦♣❡'❛❞♦' ❞❡

❲❡✐♥❣❛'+❡♥ ❛--♦❝✐❛❞♦ S✱ ❝✉'✈❛+✉'❛ ♠6❞✐❛ H ❡ ❝✉'✈❛+✉'❛ ❡①+'.♥-❡❝❛ Ke✳ ❙✉♣♦♥❤❛♠♦- :✉❡

❝❛❞❛ ♣♦♥+♦ p ∈ ∂ΣU +❡♥❤❛ ✉♠❛ ✈✐③✐♥❤❛♥<❛ Vp✱ +❛❧ :✉❡

τS̃
H2 −Ke

6 ❧✐♠✐+❛❞❛ ❡♠ Vp ∩ (Σ−ΣU)✱ ♦♥❞❡ S̃ = S −HId✳ ❊♥+>♦ ♦✉ ❛ ❞✐❢❡'❡♥❝✐❛❧ ❞❡ ❍♦♣❢ ❞❡ (I, II)

6 ✐❞❡♥+✐❝❛♠❡♥+❡ ♥✉❧❛ ♦✉ -❡✉- ③❡'♦- ->♦ ✐-♦❧❛❞♦- ❡ ❞❡ .♥❞✐❝❡ ♥❡❣❛+✐✈♦✳ ❊♠ ♣❛'+✐❝✉❧❛'✱ -❡ Σ 6

✉♠❛ ❡-❢❡'❛ +♦♣♦❧@❣✐❝❛✱ ❡♥+>♦ ♦ ♣❛' 6 +♦+❛❧♠❡♥+❡ ✉♠❜.❧✐❝♦✳

❉❡♠♦♥-+'❛<>♦✳ )♦+ ❤✐♣7,❡4❡✱ ♣❛+❛ ❝❛❞❛ p ∈ ∂Σ✱ ❡①✐4,❡ ✉♠❛ ✈✐③✐♥❤❛♥B❛ Vp ❡ ✉♠❛ ❝♦♥4,❛♥,❡

m0 ,❛❧ 1✉❡
τS̃

H2 −Ke

≤ m0

❡♠ Vp ∩ (Σ− ΣU)✳ ❆44✐♠✱ ✉4❛♥❞♦ ♦ ▲❡♠❛ 2.3✱ ,❡♠♦4 1✉❡

|Qz|2 ≤ m0
λ

2
|Q|2 ✭✷✳✸✷✮

❡♠ Vp∩(Σ−ΣU)✳ ❆❧E♠ ❞✐44♦✱ ❝♦♥❝❧✉3♠♦4 1✉❡ ✭✷✳✸✷✮ 4❡ ♠❛♥,E♠ ❡♠ Vp✱ ♣♦✐4 ❡4,❛ ❞❡4✐❣✉❛❧❞❛❞❡

E ✈G❧✐❞❛ ♥♦ ✐♥,❡+✐♦+ ❞❡ ΣU ✳

)♦+,❛♥,♦✱ ♣❡❧♦ ▲❡♠❛ 2.1✱ ♦✉ ❛ ❞✐❢❡+❡♥❝✐❛❧ ❞❡ ❍♦♣❢ ❞❡ (I, II) E ✐❞❡♥,✐❝❛♠❡♥,❡ ♥✉❧❛ ♦✉ 4❡✉4

③❡+♦4 4I♦ ✐4♦❧❛❞♦4 ❡ ❞❡ 3♥❞✐❝❡ ♥❡❣❛,✐✈♦✳ ❊♠ ♣❛+,✐❝✉❧❛+✱ 4❡ Σ E ✉♠❛ ❡4❢❡+❛ ,♦♣♦❧7❣✐❝❛✱ ❡♥,I♦

♥♦✈❛♠❡♥,❡ ♣❡❧♦ ❈♦+♦❧G+✐♦ 2.1✱ ♦ ♣❛+ (I, II) E ,♦,❛❧♠❡♥,❡ ✉♠❜3❧✐❝♦✳ �

◆♦,❡ 1✉❡✱ 4❡ (I, II) E ✉♠ ♣❛+ ❞❡ ❈♦❞❛③③✐✱ ❡♥,I♦ ✉4❛♥❞♦ ✭✷✳✸✵✮✱ ✭✷✳✹✮ ❡ ✭✷✳✺✮✱

TS̃

(
∂

∂z
,
∂

∂z

)
=

Qz

λ

∂

∂z
− Qz

λ

∂

∂z

= Hz

∂

∂z
−Hz

∂

∂z
.

❯♥✐✈❡(&✐❞❛❞❡ ❋❡❞❡(❛❧ ❞♦ ❆♠❛③♦♥❛& ✲ ❯❋❆▼



✷✳✸✳ ❉✐❢❡'❡♥❝✐❛✐+ ◗✉❛❞'/0✐❝❛+ ❍♦❧♦♠♦'❢❛+ ✸✺

❆!!✐♠✱ !✉❜!'✐'✉✐♥❞♦ ❛ ❡①♣/❡!!0♦ ❛❝✐♠❛ ❡♠ ✭✷✳✸✶✮✱ ♦❜'❡♠♦!

−τS̃λ2 = I

(
Hz

∂

∂z
−Hz

∂

∂z
,Hz

∂

∂z
−Hz

∂

∂z

)

= −HzHzI

(
∂

∂z
,
∂

∂z

)
−HzHzI

(
∂

∂z
,
∂

∂z

)

= −λHzHz − λHzHz

= −2λHzHz.

▲♦❣♦✱

τS̃ =
2

λ
|Hz|2

=
2

λ

∣∣∣∣
1

2
(Hx − iHy)

∣∣∣∣
2

=
1

2λ
(H2

x +H2
y )

= ||∇H||2,

❡♠ :✉❡ ∇H ❞❡♥♦'❛ ♦ ❣/❛❞✐❡♥'❡ ❞❡ H ❡ ||∇H||2 = I(∇H,∇H)✳

;♦/'❛♥'♦✱ ♦ ❚❡♦/❡♠❛ 2.4 ♣♦❞❡ !❡/ ❛♣❧✐❝❛❞♦ ♣❛/❛ ♣❛/❡! ❞❡ ❈♦❞❛③③✐ :✉❛♥❞♦
||∇H||2
H2 −Ke

@

❧✐♠✐'❛❞♦✳ ◆♦✉'/❛! ♣❛❧❛✈/❛!✱ '❡♠♦! ♦ !❡❣✉✐♥'❡ ❝♦/♦❧C/✐♦✳

❈♦'♦❧/'✐♦ ✷✳✻✳ ❙❡❥❛ (I, II) ✉♠ ♣❛' ❢✉♥❞❛♠❡♥+❛❧ ❡♠ ✉♠❛ -✉♣❡'❢.❝✐❡ Σ ❝♦♠ ♦♣❡'❛❞♦' ❞❡

❲❡✐♥❣❛'+❡♥ ❛--♦❝✐❛❞♦ S✱ ❝✉'✈❛+✉'❛ ♠6❞✐❛ H ❡ ❝✉'✈❛+✉'❛ ❡①+'.♥-❡❝❛ Ke✳ ❙✉♣♦♥❤❛♠♦- :✉❡

❝❛❞❛ ♣♦♥+♦ p ∈ ∂ΣU +❡♥❤❛ ✉♠❛ ✈✐③✐♥❤❛♥<❛ Vp +❛❧ :✉❡

||∇H||2
H2 −Ke

6 ❧✐♠✐+❛❞♦ ❡♠ Vp∩(Σ−ΣU)✱ ♦♥❞❡ ||∇H||2 = I(∇H,∇H)✳ ❊♥+>♦ ♦✉ ❛ ❞✐❢❡'❡♥❝✐❛❧ ❞❡ ❍♦♣❢ ❞❡

(I, II) 6 ✐❞❡♥+✐❝❛♠❡♥+❡ ♥✉❧❛ ♦✉ -❡✉- ③❡'♦- ->♦ ✐-♦❧❛❞♦- ❡ ❞❡ .♥❞✐❝❡ ♥❡❣❛+✐✈♦✳ ❊♠ ♣❛'+✐❝✉❧❛'✱

-❡ Σ 6 ✉♠❛ ❡-❢❡'❛ +♦♣♦❧@❣✐❝❛✱ ❡♥+>♦ ♦ ♣❛' 6 +♦+❛❧♠❡♥+❡ ✉♠❜.❧✐❝♦✳

✷✳✸ ❉✐❢❡'❡♥❝✐❛✐+ ◗✉❛❞'/0✐❝❛+ ❍♦❧♦♠♦'❢❛+

◆❡!'❛ !❡D0♦✱ ❞❛❞♦ ✉♠ ♣❛/ ❞❡ ❈♦❞❛③③✐ ❝♦♠ ❝❡/'❛! ❤✐♣F'❡!❡!✱ ♦❜'❡♠♦! ✉♠ ♥♦✈♦ ♣❛/ ❞❡

❈♦❞❛③③✐ ❝♦♠ ❝✉/✈❛'✉/❛ ♠@❞✐❛ ❝♦♥!'❛♥'❡ ♥✉❧❛✱ :✉❡ ❡!'C ❣❡♦♠❡'/✐❝❛♠❡♥'❡ /❡❧❛❝✐♦♥❛❞♦ ❝♦♠

♦ ♣/✐♠❡✐/♦✳ ❆ ♣❛/'✐/ ❞❡!'❡ !❡❣✉♥❞♦ ♣❛/ ❞❡ ❈♦❞❛③③✐✱ ♠♦!'/❛♠♦! ❛ ❡①✐!'G♥❝✐❛ ❞❡ ✉♠❛ ❞✐❢❡✲

/❡♥❝✐❛❧ :✉❛❞/C'✐❝❛ ❤♦❧♦♠♦/❢❛ :✉❡ ❢♦/♥❡❝❡ ✐♥❢♦/♠❛DJ❡! ✐♠♣♦/'❛♥'❡! !♦❜/❡ ♦ ❝♦♠♣♦/'❛♠❡♥'♦

❣❡♦♠@'/✐❝♦ ❞♦ ♣❛/ ✐♥✐❝✐❛❧✳

❙❛❜❡♠♦! :✉❡ !❡ (x, y) !0♦ ♣❛/L♠❡'/♦! ❞✉♣❧❛♠❡♥'❡ ♦/'♦❣♦♥❛✐! ♣❛/❛ ✉♠ ♣❛/ ❢✉♥❞❛♠❡♥'❛❧

❯♥✐✈❡'+✐❞❛❞❡ ❋❡❞❡'❛❧ ❞♦ ❆♠❛③♦♥❛+ ✲ ❯❋❆▼
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(I, II)✱ ❡♥#$♦ ♣♦❞❡♠♦) ❡)❝+❡✈❡+

I = Edx2 +Gdy2, II = k1Edx2 + k2Gdy2.

❚❡♠♦) #❛♠❜0♠✱ 1✉❡ ♣❛+❛ ❝❛♠♣♦) ❝♦♦+❞❡♥❛❞♦)

{
∂

∂x
,
∂

∂y

}
✱ ♦ #❡♥)♦+ ❞❡ ❈♦❞❛③③✐ TS )❡

❡①♣+❡))❛ ♣♦+

TS

(
∂

∂x
,
∂

∂y

)
= ∇ ∂

∂x
S

∂

∂y
−∇ ∂

∂y
S

∂

∂x

= ∇ ∂
∂x
k2

∂

∂y
−∇ ∂

∂y
k1

∂

∂x

= k2∇ ∂
∂x

∂

∂y
+ (k2)x

∂

∂y
− k1∇ ∂

∂y

∂

∂x
− (k1)y

∂

∂x

= (k2 − k1)∇ ∂
∂x

∂

∂y
+ (k2)x

∂

∂y
− (k1)y

∂

∂x
.

❈♦♠♦

∇ ∂
∂x

∂

∂y
= Γ1

12

∂

∂x
+ Γ2

12

∂

∂y
,

❡♥#$♦ ♣❡❧❛ 8+♦♣♦)✐9$♦ 1.5✱ #❡♠♦) 1✉❡

∇ ∂
∂x

∂

∂y
=

Ey

2E

∂

∂x
+

Gx

2G

∂

∂y
.

❉❛;✱ ♦ #❡♥)♦+ ❞❡ ❈♦❞❛③③✐ ✜❝❛✿

TS

(
∂

∂x
,
∂

∂y

)
= (k2 − k1)

(
Ey

2E

∂

∂x
+

Gx

2G

∂

∂y

)
+ (k2)x

∂

∂y
− (k1)y

∂

∂x

= −
(
k1

Ey

2E
+ (k1)y

)
∂

∂x
+

(
k2

Gx

2G
+ (k2)x

)
∂

∂y
+ k2

Ey

2E

∂

∂x
− k1

Gx

2G

∂

∂y
.

❈♦♠♦ (k1E)y = k1Ey + (k1)yE✱ ❡♥#$♦

(k1)y =
(k1E)y

E
− k1Ey

E
.

❉❡ ❢♦+♠❛ ❛♥?❧♦❣❛✱ ✈❡+✐✜❝❛♠♦) 1✉❡

(k2)x =
(k2G)x

G
− k2Gx

G
.
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▲♦❣♦✱

TS

(
∂

∂x
,
∂

∂y

)
= −

(
k1

Ey

2E
+
(k1E)y

E
− k1Ey

E

)
∂

∂x
+

(
k2

Gx

2G
+
(k2G)x

G
− k2Gx

G

)
∂

∂y

+k2
Ey

2E

∂

∂x
− k1

Gx

2G

∂

∂y

= −
(
(k1E)y

E
− k1Ey

2E

)
∂

∂x
+

(
(k2G)x

G
− k2Gx

2G

)
∂

∂y

+k2
Ey

2E

∂

∂x
− k1

Gx

2G

∂

∂y

=

(
−(k1E)y

E
+

k1Ey

2E
+

k2Ey

2E

)
∂

∂x
+

(
(k2G)x

G
− k2Gx

2G
− k1Gx

2G

)
∂

∂y

= − 1

E

(
(k1E)y −

k1 + k2
2

Ey

)
∂

∂x
+

1

G

(
(k2G)x −

k1 + k2
2

Gx

)
∂

∂y

= − 1

E
((k1E)y −HEy)

∂

∂x
+

1

G
((k2G)x −HGx)

∂

∂y
. ✭✷✳✸✸✮

❆♦ ❧♦♥❣♦ ❞❡./❛ .❡12♦✱ ❞❡♥♦/❛3❡♠♦. ♣♦3 II ′ ❛ ❢♦3♠❛ 7✉❛❞39/✐❝❛ ❛..♦❝✐❛❞❛ ❛♦ ♣❛3 ❢✉♥❞❛✲

♠❡♥/❛❧ (I, II) ❞❛❞❛ ♣♦3 II ′ = II −HI✳

▲❡♠❛ ✷✳✹✳ ❙❡❥❛ (I, II) ✉♠ ♣❛' ❞❡ ❈♦❞❛③③✐ ❡♠ ✉♠❛ -✉♣❡'❢/❝✐❡ Σ ❝♦♠ ❝✉'✈❛2✉'❛- ♠3❞✐❛ ❡

❡①2'/♥-❡❝❛ H ❡ Ke✱ '❡-♣❡❝2✐✈❛♠❡♥2❡✳ ❙❡❥❛ ϕ ✉♠❛ ❢✉♥89♦ ❞✐❢❡'❡♥❝✐:✈❡❧ ❡♠ Σ 2❛❧ <✉❡ ❛ ❢✉♥89♦

sinhϕ√
H2 −Ke

♣♦--❛ -❡' ❡-2❡♥❞✐❞❛ ❞✐❢❡'❡♥❝✐❛✈❡❧♠❡♥2❡ ❛ Σ✳ ❊♥29♦

A = coshϕI +
sinhϕ√
H2 −Ke

II ′, ✭✷✳✸✹✮

B =
√
H2 −Ke sinhϕI + coshϕII ′, ✭✷✳✸✺✮

3 ✉♠ ♣❛' ❢✉♥❞❛♠❡♥2❛❧ ❝♦♠ ❝✉'✈❛2✉'❛ ♠3❞✐❛ H(A,B) = 0✱ ❝✉'✈❛2✉'❛ ❡①2'/♥-❡❝❛ Ke(A,B) =

−(H2 −Ke)✱ ❡ ❝✉❥♦ 2❡♥-♦' ❞❡ ❈♦❞❛③③✐ TS̃ -❛2✐-❢❛③

TS̃(X, Y ) = ω(Y )X − ω(X)Y, ω =
1

2
(dH −

√
H2 −Kedϕ), ∀ X, Y ∈ X(Σ). ✭✷✳✸✻✮

❉❡♠♦♥-2'❛89♦✳ ❙❡❥❛ (x, y) ♣❛3B♠❡/3♦. ❞✉♣❧❛♠❡♥/❡ ♦3/♦❣♦♥❛✐. ❝♦♠ 3❡❧❛12♦ ❛♦ ♣❛3 ❞❡ ❈♦❞❛③③✐

(I, II)✱ /❛❧ 7✉❡

I = Edx2 +Gdy2, II = k1Edx2 + k2Gdy2,

❯♥✐✈❡'+✐❞❛❞❡ ❋❡❞❡'❛❧ ❞♦ ❆♠❛③♦♥❛+ ✲ ❯❋❆▼
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❡♠ "✉❡ k1 ≥ k2✳ ❉❛'✱

A

(
∂

∂x
,
∂

∂x

)
= coshϕI

(
∂

∂x
,
∂

∂x

)
+

sinhϕ√
H2 −Ke

II ′
(

∂

∂x
,
∂

∂x

)

= coshϕE +
sinhϕ√
H2 −Ke

[
II

(
∂

∂x
,
∂

∂x

)
−HI

(
∂

∂x
,
∂

∂x

)]

= coshϕE +
sinhϕ√
H2 −Ke

(k1E −HE)

= coshϕE + sinhϕ
k1 −H√
H2 −Ke

E

= coshϕE + sinhϕ
H +

√
H2 −Ke −H√
H2 −Ke

E

= coshϕE + sinhϕE

= (coshϕ+ sinhϕ)E

=

(
eϕ + e−ϕ

2
+

eϕ − e−ϕ

2

)
E

= eϕE,

A

(
∂

∂x
,
∂

∂y

)
= coshϕI

(
∂

∂x
,
∂

∂y

)
+

sinhϕ√
H2 −Ke

II ′
(

∂

∂x
,
∂

∂y

)
= 0, ♣♦✐, F = 0,

❡

A

(
∂

∂y
,
∂

∂y

)
= coshϕI

(
∂

∂y
,
∂

∂y

)
+

sinhϕ√
H2 −Ke

[
II

(
∂

∂y
,
∂

∂y

)
−HI

(
∂

∂y
,
∂

∂y

)]

= coshϕG+
sinhϕ√
H2 −Ke

(k2G−HG)

= coshϕG+ sinhϕ
k2 −H√
H2 −Ke

G

= coshϕG+ sinhϕ
H −

√
H2 −Ke −H√
H2 −Ke

G

= coshϕG− sinhϕG

= (coshϕ− sinhϕ)G

=

(
eϕ + e−ϕ

2
− eϕ − e−ϕ

2

)
G

= e−ϕG.

▲♦❣♦ A = eϕEdx2 + e−ϕGdy2✳
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❚❡♠♦$ %❛♠❜(♠ )✉❡

B

(
∂

∂x
,
∂

∂x

)
=

√
H2 −Ke sinhϕI

(
∂

∂x
,
∂

∂x

)
+ coshϕ

[
II

(
∂

∂x
,
∂

∂x

)
−HI

(
∂

∂x
,
∂

∂x

)]

=
√

H2 −Ke sinhϕE + coshϕ(k1E −HE)

=
√

H2 −Ke sinhϕE + coshϕ(k1 −H)E

=
√

H2 −Ke sinhϕE + coshϕ(H +
√
H2 −Ke −H)E

=
√

H2 −Ke(sinhϕ+ coshϕ)E

=
√
H2 −Ke

(
eϕ − e−ϕ

2
+

eϕ + e−ϕ

2

)
E

=
√

H2 −Kee
ϕE,

B

(
∂

∂y
,
∂

∂y

)
=

√
H2 −Ke sinhϕI

(
∂

∂y
,
∂

∂y

)
+ coshϕ

[
II

(
∂

∂y
,
∂

∂y

)
−HI

(
∂

∂y
,
∂

∂y

)]

=
√
H2 −Ke sinhϕG+ coshϕ(k2G−HG)

=
√
H2 −Ke sinhϕG+ coshϕ(k2 −H)G

=
√
H2 −Ke sinhϕG+ coshϕ(H −

√
H2 −Ke −H)G

=
√
H2 −Ke(sinhϕ− coshϕ)G

=
√
H2 −Ke

(
eϕ − e−ϕ

2
− eϕ + e−ϕ

2

)
G

= −
√
H2 −Kee

−ϕG,

❡ B

(
∂

∂x
,
∂

∂y

)
= 0✱ ♣♦✐$ F = 0✳

▲♦❣♦✱

B =
√

H2 −Kee
ϕEdx2 −

√
H2 −Kee

−ϕGdy2

=
√

H2 −Ke(e
ϕEdx2 − e−ϕGdy2)

=
k1 − k2

2
(eϕEdx2 − e−ϕGdy2).

◆♦%❡ )✉❡ H2 −Ke =
(k1 − k2)

2

4
✳

❆$$✐♠ ♦ ♣❛3 (A,B)✱ ♦♥❞❡ A = eϕEdx2+e−ϕGdy2 ❡ B =
k1 − k2

2
(eϕEdx2−e−ϕGdy2) ( ✉♠

♣❛3 ❢✉♥❞❛♠❡♥%❛❧✱ ♣♦✐$ A ( ✉♠❛ ♠(%3✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ Σ✳ ❆❧(♠ ❞✐$$♦✱ ❝♦♠♦ F = f = 0✱

%❡♠♦$

Ke(I, II) =
eg

EG
❡ H(I, II) =

eG+ gE

2EG
.
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❈♦♥#❡%✉❡♥'❡♠❡♥'❡

Ke(A,B) =

(
k1−k2

2

)
eϕE

[
−e−ϕG

(
k1−k2

2

)]

eϕEe−ϕG

= −
(
k1 − k2

2

)2

= −(H2 −Ke)

❡

H(A,B) =

(
k1−k2

2

)
eϕEe−ϕG−

(
k1−k2

2

)
e−ϕGeϕE

2eϕEe−ϕG
= 0.

)♦* ✜♠✱ ✈❛♠♦# ♠♦#'*❛* %✉❡ ♦ '❡♥#♦* ❞❡ ❈♦❞❛③③✐ TS̃ 2 ❞❛❞♦ ♣♦* ✭✷✳✸✻✮✳

)*✐♠❡✐*❛♠❡♥'❡ ♦❜#❡*✈❡♠♦# %✉❡

k1 − k2
2

❡ −k1 − k2
2

#;♦ ❛# ❝✉*✈❛'✉*❛# ♣*✐♥❝✐♣❛✐# ❛##♦✲

❝✐❛❞❛# ❛♦ ♣❛* (A,B)✳ ❆❧2♠ ❞✐##♦✱ eϕE ❡ e−ϕG #;♦ ♦# ❝♦❡✜❝✐❡♥'❡# ❞❡ A✳ ❊♥';♦ ❞❡ ✭✷✳✸✸✮✱

'❡♠♦#✿

TS̃

(
∂

∂x
,
∂

∂y

)
= − 1

eϕE

(
k1 − k2

2
eϕE

)

y

∂

∂x
− 1

e−ϕG

(
k1 − k2

2
e−ϕG

)

x

∂

∂y

= − 1

2eϕE
[(k1 − k2)ye

ϕE + (k1 − k2)(e
ϕE)y]

∂

∂x

− 1

2e−ϕG

[
(k1 − k2)xe

−ϕG+ (k1 − k2)(e
−ϕG)x

] ∂

∂y

= −1
2

[
(k1 − k2)y + (k1 − k2)ϕy + (k1 − k2)

Ey

E

]
∂

∂x

−1
2

[
(k1 − k2)x − (k1 − k2)ϕx + (k1 − k2)

Gx

G

]
∂

∂y
.

❈♦♠♦ (I, II) 2 ✉♠ ♣❛* ❞❡ ❈♦❞❛③③✐✱ ❡♥';♦ TS = 0✳ ❆##✐♠ ❞❡ ✭✷✳✸✸✮✱ ♦❜'❡♠♦#

− 1

E
((k1E)y −HEy) = 0,

1

G
((k2G)x −HGx) = 0.

❉❛C✱

(k1E)y −HEy = 0

(k1)yE + k1Ey −HEy = 0

(k1)yE +

(
k1 −

k1 + k2
2

)
Ey = 0

(k1)yE +
k1 − k2

2
Ey = 0.

❙❡❣✉❡ %✉❡

2(k1)y = −(k1 − k2)
Ey

E
. ✭✷✳✸✼✮
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❉❡ ❢♦$♠❛ ❛♥(❧♦❣❛✱ ✈❡$✐✜❝❛♠♦0 1✉❡

2(k2)x = (k1 − k2)
Gx

G
. ✭✷✳✸✽✮

❙✉❜0;✐;✉✐♥❞♦ ✭✷✳✸✼✮ ❡ ✭✷✳✸✽✮ ❡♠ TS̃

(
∂

∂x
,
∂

∂y

)
✱ ;❡♠♦0

TS̃

(
∂

∂x
,
∂

∂y

)
= −1

2
[(k1)y − (k2)y + (k1 − k2)ϕy − 2(k1)y]

∂

∂x

−1
2
[(k1)x − (k2)x − (k1 − k2)ϕx + 2(k2)x]

∂

∂y

= −1
2
[−(k1)y − (k2)y + (k1 − k2)ϕy]

∂

∂x
− 1

2
[(k1)x + (k2)x − (k1 − k2)ϕx]

∂

∂y

=

(
(k1)y + (k2)y

2
− k1 − k2

2
ϕy

)
∂

∂x
−
(
(k1)x + (k2)x

2
− k1 − k2

2
ϕx

)
∂

∂y

=
(
Hy −

√
H2 −Keϕy

) ∂

∂x
−
(
Hx −

√
H2 −Keϕx

) ∂

∂y

= ω

(
∂

∂y

)
∂

∂x
− ω

(
∂

∂x

)
∂

∂y
.

❊ ♣♦$ ❧✐♥❡❛$✐❞❛❞❡✱ ♦❜;❡♠♦0 ✭✷✳✸✻✮ �

❈♦♠ ❛0 ♠❡0♠❛0 ❤✐♣C;❡0❡0 ❞♦ ▲❡♠❛ 2.4✱ 0❡ ;♦♠❛$♠♦0 ✉♠ ♣❛$E♠❡;$♦ ❝♦♥❢♦$♠❡ z ♣❛$❛ A✱

;❡♠♦0 ♣❡❧❛ F$♦♣♦0✐GH♦ 1.3 1✉❡ ♦ ♣❛$ (A,B) I ;❛❧ 1✉❡

A = 2λ|dz|2, B = Qdz2 +Qdz2, ✭✷✳✸✾✮

❡♠ 1✉❡ H(A,B) = 0✳ ❆❧I♠ ❞✐00♦✱ ❞❡ ✭✷✳✸✵✮ ❡ ✭✷✳✸✻✮✱

1

λ

(
Qz

∂

∂z
−Qz

∂

∂z

)
= TS̃

(
∂

∂z
,
∂

∂z

)
= ω

(
∂

∂z

)
∂

∂z
− ω

(
∂

∂z

)
∂

∂z
.

❉❛M✱

ω

(
∂

∂z

)
=
1

λ
Qz

♦✉

Qz = λω

(
∂

∂z

)
=

λ

2

(
Hz −

√
H2 −Keϕz

)
.

❆00✐♠✱ ❝♦♥❝❧✉M♠♦0 1✉❡ ♦ ♣❛$ (A,B) I ✉♠ ♣❛$ ❞❡ ❈♦❞❛③③✐ 0❡✱ ❡ 0♦♠❡♥;❡ 0❡✱ dH−
√
H2 −Kedϕ =

0✱ ♦✉ ❞❡ ❢♦$♠❛ ❡1✉✐✈❛❧❡♥;❡ Qz = 0✳

◆♦✉;$❛0 ♣❛❧❛✈$❛0✱ ;❡♠♦0 ♦

❈♦'♦❧/'✐♦ ✷✳✼✳ ❙❡❥❛ (I, II) ✉♠❛ ♣❛' ❞❡ ❈♦❞❛③③✐ ❡♠ Σ ❝♦♠ ❝✉'✈❛/✉'❛0 ♠1❞✐❛ ❡ ❡①/'3♥0❡❝❛ H

❡ Ke✱ '❡0♣❡❝/✐✈❛♠❡♥/❡✳ ❙❡❥❛ ϕ ✉♠❛ ❢✉♥89♦ ❞✐❢❡'❡♥❝✐:✈❡❧ ❡♠ Σ /❛❧ <✉❡ ❛ ❢✉♥89♦

sinhϕ√
H2 −Ke
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♣♦""❛ "❡% ❡"&❡♥❞✐❞❛ ❞✐❢❡%❡♥❝✐❛✈❡❧♠❡♥&❡ ❛ Σ✳ ❊♥&1♦ ♣❛%❛ ♦ ♣❛% ❢✉♥❞❛♠❡♥&❛❧

A = coshϕI +
sinhϕ√
H2 −Ke

II ′

B =
√
H2 −Ke sinhϕI + coshϕII ′,

❝♦♠ ❝✉%✈❛&✉%❛ ♠3❞✐❛ H(A,B) = 0 ❡ ❝✉#✈❛&✉#❛ ❡①&#(♥*❡❝❛ Ke(A,B) = −(H2 − Ke)✱ ❛*

*❡❣✉✐♥&❡* ❝♦♥❞✐01❡* *2♦ ❡3✉✐✈❛❧❡♥&❡*✿

✶✳ (A,B) 8 ✉♠ ♣❛# ❞❡ ❈♦❞❛③③✐✳

✷✳ ❆ ❞✐❢❡#❡♥❝✐❛❧ ❞❡ ❍♦♣❢ ❞❡ (A,B) 8 ❤♦❧♦♠♦#❢❛ ♣❛#❛ ❛ ❡*&#✉&✉#❛ ❝♦♥❢♦#♠❡ ✐♥❞✉③✐❞❛ ♣♦#

A✳

✸✳ dH −
√
H2 −Kedϕ = 0✳

❆❣♦#❛ ✈❡#❡♠♦( ✉♠❛ (✐+✉❛,-♦ ♦♥❞❡ ♦ ❝♦#♦❧2#✐♦ ❛♥+❡#✐♦# ♣♦❞❡ (❡# ✉(❛❞♦✳ ▼❛( ♣❛#❛ ✐((♦✱

♣#❡❝✐(❛♠♦( ❞❛ (❡❣✉✐♥+❡ ❞❡✜♥✐,-♦✳

❉❡✜♥✐%&♦ ✷✳✹✳ ❉✐③❡♠♦* 3✉❡ ✉♠ ♣❛# ❞❡ ❈♦❞❛③③✐ (I, II) 8 ✉♠ ♣❛# ❞❡ ❲❡✐♥❣❛#&❡♥ ❡*♣❡❝✐❛❧✱

*❡ ❡①✐*&❡ ✉♠❛ ❢✉♥02♦ ❞✐❢❡#❡♥❝✐E✈❡❧ f ❞❡✜♥✐❞❛ ❡♠ ✉♠ ✐♥&❡#✈❛❧♦ J ⊆ [0,∞)✱ &❛❧ 3✉❡ *✉❛*

❝✉#✈❛&✉#❛* ♠8❞✐❛ H ❡ ❡①&#(♥*❡❝❛ Ke *❛&✐*❢❛③❡♠ H = f(H2 −Ke)✳

❙❡ ♦ ♣❛# ❞❡ ❈♦❞❛③③✐ (I, II) ; ✉♠ ♣❛# ❞❡ ❲❡✐♥❣❛#+❡♥✱ ❝♦♠ H = H(t)✱ Ke = Ke(t)✱ t

✈❛#✐❛♥❞♦ ❡♠ ✉♠ ❝❡#+♦ ✐♥+❡#✈❛❧♦✱ ❡♥+-♦ ♣❡❧❛ ❝♦♥❞✐,-♦ 3 ❞♦ ❈♦#♦❧2#✐♦ 2.7✱ +❡♠♦( =✉❡

√
H(t)2 −Ke(t)ϕ

′(t) = H ′(t).

❆((✐♠✱ ❡①✐(+❡ ✉♠❛ ♣#✐♠✐+✐✈❛ ϕ(t) ❞❛ ❢✉♥,-♦ ϕ′(t) =
H ′(t)√

H(t)2 −Ke(t)
✳

❆❧;♠ ❞✐((♦✱ (❡

sinhϕ(t)√
H(t)2 −Ke(t)

❡(+2 ❜❡♠ ❞❡✜♥✐❞❛✱ ✐♥❝❧✉(✐✈❡ ♥♦( ♣♦♥+♦( ✉♠❜A❧✐❝♦(✱ ❡♥+-♦

♥♦✈❛♠❡♥+❡ ✉(❛♥❞♦ ♦ ❈♦#♦❧2#✐♦ 2.7✱ ❝♦♥❝❧✉A♠♦( =✉❡ ♦ ♣❛# ❞❡ ❈♦❞❛③③✐ (A,B)✱ ❞❛❞♦ ♣♦# ✭✷✳✸✾✮✱

❡①✐(+✐#2 ❡♠ +♦❞❛ (✉♣❡#❢A❝✐❡ Σ✳

❙❡ (I, II) ; ✉♠ ♣❛# ❞❡ ❲❡✐♥❣❛#+❡♥ ❡(♣❡❝✐❛❧✱ ✐(+♦ ;✱ (❛+✐(❢❛③ H = f(H2 − Ke)✱ ❡♥+-♦

♣♦❞❡♠♦( ♣❛#❛♠❡+#✐③❛# H(t) = f(t2)✱ ❡♠ =✉❡ t2 = H(t)2 −Ke(t)✳ ❙❡❣✉❡✲(❡ =✉❡ ❛ ❢✉♥,-♦

ϕ(t) =

∫ t

0

2f ′(s2)ds

; ✉♠❛ ♣#✐♠✐+✐✈❛ ❞❡ ϕ′(t)✳ ❆❧;♠ ❞✐((♦✱ ❛ ❢✉♥,-♦

sinhϕ(t)√
H(t)2 −Ke(t)

=
sinhϕ(t)

t

❯♥✐✈❡-.✐❞❛❞❡ ❋❡❞❡-❛❧ ❞♦ ❆♠❛③♦♥❛. ✲ ❯❋❆▼



✷✳✸✳ ❉✐❢❡'❡♥❝✐❛✐+ ◗✉❛❞'/0✐❝❛+ ❍♦❧♦♠♦'❢❛+ ✹✸

❡!"# ❜❡♠ ❞❡✜♥✐❞❛✱ ✐♥❝❧✉!✐✈❡ ♣❛1❛ ♦! ♣♦♥"♦! ✉♠❜3❧✐❝♦!✱ ✐!"♦ 4✱ ♣♦♥"♦! ♥♦! 5✉❛✐! t = 0✱ ♣♦✐!

lim
t→0

sinhϕ(t)

t
= lim

t→0
coshϕ(t)ϕ′(t) = ϕ′(0) = 2f ′(0).

❈♦♥!❡5✉❡♥"❡♠❡♥"❡ ❛ ♠4"1✐❝❛ A✱ ❞❛❞❛ ♥♦ ❈♦1♦❧#1✐♦ 2.7✱ ❡!"# ❜❡♠ ❞❡✜♥✐❞❛✳

❈♦'♦❧/'✐♦ ✷✳✽✳ ❙❡❥❛♠ Σ ✉♠❛ &✉♣❡(❢*❝✐❡ ❡ f ✉♠❛ ❢✉♥./♦ ❞✐❢❡(❡♥❝✐2✈❡❧ ❞❡✜♥✐❞❛ ❡♠ ✉♠

✐♥6❡(✈❛❧♦ J ⊆ [0,∞)✳ ❙❡❥❛ ϕ(t) ❛ ♣(✐♠✐6✐✈❛ ❞❡ 2f ′(t2) ♥❡&6❡ ✐♥6❡(✈❛❧♦✱ 6❛❧ 9✉❡ ❛ ❢✉♥./♦

sinhϕ(t)

t
&❡❥❛ ❜❡♠ ❞❡✜♥✐❞❛✳ ❊♥6/♦ 6♦❞♦ ♣❛( ❞❡ ❲❡✐♥❣❛(6❡♥ ❡&♣❡❝✐❛❧ (I, II) ❡♠ Σ &❛6✐&❢❛✲

③❡♥❞♦ H = f(H2 −Ke) @ ❞❛❞♦ ♣♦(

I = −sinhϕ(t)
t

Q+ coshϕ(t)A− sinhϕ(t)

t
Q,

II − f(t2)I = − coshϕ(t)Q+ t sinhϕ(t)A− coshϕ(t)Q,

♦♥❞❡ A @ ✉♠❛ ♠@6(✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ Σ ❡ Q ✉♠❛ 2✲❢♦(♠❛ ❤♦❧♦♠♦(❢❛ ♣❛(❛ A✱ 6❛❧ 9✉❡ ❛

✐♠❛❣❡♠ ❞❛ ❢✉♥./♦ t : Σ→ [0,∞) ❞❡✜♥✐❞❛ ♣♦( 2|Q| = tA ❡&62 ❝♦♥6✐❞❛ ❡♠ J ✳ ❊♠ ♣❛(6✐❝✉❧❛(✱

t2 = H2 −Ke✳

❉❡♠♦♥&6(❛./♦✳ ❉❛❞♦ ✉♠ ♣❛1 ❞❡ ❲❡✐♥❣❛1"❡♥ ❡!♣❡❝✐❛❧ (I, II) ❡♠ Σ✱ ❡♥";♦ ♣❡❧♦ ❈♦1♦❧#1✐♦ 2.7✱

❡①✐!"❡♠ ✉♠❛ ♣1✐♠✐"✐✈❛ ϕ(t) ❞❡ ϕ′(t) = 2f ′(t2) ❡ ✉♠ ♣❛1 ❞❡ ❈♦❞❛③③✐ (A,B)✱ ❝✉❥❛ ❞✐❢❡1❡♥❝✐❛❧

❞❡ ❍♦♣❢ Q 4 ✉♠❛ 2✲❢♦1♠❛ ❤♦❧♦♠♦1❢❛ ❝♦♠ 1❡!♣❡✐"♦ C ♠4"1✐❝❛ A✳ ❆❧4♠ ❞✐!!♦✱ ♣♦❞❡♠♦! ❡!❝1❡✈❡1

A = 2λ ❡ B = Q+Q✱ ❞❡!❞❡ 5✉❡ H(A,B) = 0✳

❈♦♠♦ K(A,B) = −(H2 −Ke)✱ ❡♥";♦

t2 = H2 −Ke = −K(A,B) =
|Q|2
λ2

= 4
|Q|2
|A|2 .

❙❡❣✉❡ 5✉❡ t2 =

(
2
|Q|
|A|

)2

✱ ❞♦♥❞❡ 2|Q| = tA✳

❆❣♦1❛✱ ✉!❛♥❞♦ ✭✷✳✸✹✮ ❡ ✭✷✳✸✺✮✱ "❡♠♦!

A =

(
coshϕ(t)− sinhϕ(t)

t
f(t2)

)
I +

sinhϕ(t)

t
II, ✭✷✳✹✵✮

Q+Q = (t sinhϕ(t)− coshϕ(t)f(t2))I + coshϕ(t)II. ✭✷✳✹✶✮

▼✉❧"✐♣❧✐❝❛♥❞♦ ♣♦1 t coshϕ(t) ✭✷✳✹✵✮ ❡ ♣♦1 − sinhϕ(t) ✭✷✳✹✶✮✱ ❡♥";♦

t coshϕ(t)A = (t cosh2 ϕ(t)− coshϕ(t) sinhϕ(t)f(t2))I + coshϕ(t) sinhϕ(t)II,

− sinhϕ(t)(Q+Q) = (−t sinh2 ϕ(t) + sinhϕ(t) coshϕ(t)f(t2))I − sinhϕ(t) coshϕ(t)II.

❯♥✐✈❡'+✐❞❛❞❡ ❋❡❞❡'❛❧ ❞♦ ❆♠❛③♦♥❛+ ✲ ❯❋❆▼



✷✳✸✳ ❉✐❢❡'❡♥❝✐❛✐+ ◗✉❛❞'/0✐❝❛+ ❍♦❧♦♠♦'❢❛+ ✹✹

❙♦♠❛♥❞♦ ❛& ❡(✉❛*+❡& ❛♥,❡-✐♦-❡& ❡ ✐&♦❧❛♥❞♦ I✱ ♦❜,❡♠♦&

I = −sinhϕ(t)
t

Q+ coshϕ(t)A− sinhϕ(t)

t
Q.

❉❡ ❢♦-♠❛ ❛♥4❧♦❣❛✱ ❛♦ ♠✉❧,✐♣❧✐❝❛-♠♦& ❛& ❡(✉❛*+❡& ✭✷✳✹✵✮ ❡ ✭✷✳✹✶✮ ♣♦- t sinhϕ(t) ❡− coshϕ(t)✱
-❡&♣❡❝,✐✈❛♠❡♥,❡✱♦❜,❡♠♦&

II − f(t2)I = − coshϕ(t)Q+ t sinhϕ(t)A− coshϕQ.

❊ ✐&&♦ ✜♥❛❧✐③❛ ❛ ❞❡♠♦♥&,-❛*C♦✳ �

❯♥✐✈❡'+✐❞❛❞❡ ❋❡❞❡'❛❧ ❞♦ ❆♠❛③♦♥❛+ ✲ ❯❋❆▼



❈❛♣#$✉❧♦ ✸

❯♠❛ ❛♣❧✐❝❛-.♦ ♣❛/❛ 0✉♣❡/❢#❝✐❡0 ❡♠ R
3

◆❡"#❡ ❝❛♣'#✉❧♦✱ ❡①✐❜✐♠♦" ❛❧❣✉♥" 2❡"✉❧#❛❞♦" 2❡❢❡2❡♥#❡ ❛ ✉♠❛ ❢❛♠'❧✐❛ ❞❡ "✉♣❡2❢'❝✐❡" ❡♠

R
3
5✉❡ "❛#✐"❢❛③ ♦ ♣2✐♥❝'♣✐♦ ❞♦ ♠7①✐♠♦ ❞❡ ❍♦♣❢✱ ❡ ❡"#✐♠❛♠♦" ❛ ❛❧#✉2❛ ♠7①✐♠❛ 5✉❡ ✉♠❛

"✉♣❡2❢'❝✐❡ ❞❡""❛ ❢❛♠'❧✐❛ ♣♦❞❡ ❛❧❝❛♥9❛2✳ ❊♠ "❡❣✉✐❞❛✱ ❛♣❧✐❝❛♠♦" ❛ #❡♦2✐❛ ❛❜"#2❛#❛ ❞❡ ♣❛2❡" ❞❡

❈♦❞❛③③✐✱ ♣❛2❛ ❝❧❛""✐✜❝❛2 ❛" "✉♣❡2❢'❝✐❡" ❞❡ ❲❡✐♥❣❛2#❡♥ ❝♦♠♣❧❡#❛" ❡ ♠❡2❣✉❧❤❛❞❛" ❡♠ R
3
✱ 5✉❡

♣❛2#✐❝✉❧❛2♠❡♥#❡✱ "❛#✐"❢❛③❡♠ ♦ ♣2✐♥❝'♣✐♦ ❞♦ ♠7①✐♠♦ ❞❡ ❍♦♣❢✳

✸✳✶ ❖ $%✐♥❝)♣✐♦ ❞♦ ▼.①✐♠♦ ❞❡ ❍♦♣❢

◆❡"#❛ "❡9@♦✱ ❡♥✉♥❝✐❛2❡♠♦" ❛❧❣✉♠❛" ❞❡✜♥✐9A❡" ❡ ❝♦♥❝❡✐#♦" ♥❡❝❡""72✐♦" ♣❛2❛ ♦ ❞❡"❡♥✈♦❧✈✐✲

♠❡♥#♦ ❞♦ ❝❛♣'#✉❧♦✳ ◆@♦ ❢❛2❡♠♦" ❛ ♣2♦✈❛ ❞❡ ❛❧❣✉♥" 2❡"✉❧#❛❞♦"✱ ♠❛" ✐♥❞✐❝❛2❡♠♦" 2❡❢❡2D♥❝✐❛"

♦♥❞❡ #❛✐" ❥✉"#✐✜❝❛#✐✈❛" ♣♦❞❡♠ "❡2 ❡♥❝♦♥#2❛❞❛"✳ ❈♦♠❡9❛2❡♠♦" ❝♦♠ ♦ ♣2✐♥❝'♣✐♦ ❞♦ ♠7①✐♠♦ ❞❡

❍♦♣❢ ♣❛2❛ ❡5✉❛9A❡" ❡❧'♣#✐❝❛" ❞❡ "❡❣✉♥❞❛ ♦2❞❡♠✳ ▼❛✐" ❞❡#❛❧❤❡" "♦❜2❡ ❡"#❡ ❛""✉♥#♦ ♣♦❞❡♠ "❡2

❡♥❝♦♥#2❛❞♦" ❡♠ ❬✶✵❪✳

❙❡❥❛ L ♦ ♦♣❡2❛❞♦2 ❞❛❞♦ ♣♦2

L ≡
n∑

i,j=1

aij
∂2

∂xi∂xj

+
n∑

i=1

bi
∂

∂xi

+ c,

♦♥❞❡ aij✱ bi ❡ c "@♦ ❢✉♥9A❡" 2❡❛✐" ❞❡ ❝❧❛""❡ C∞ 5✉❡ ❞❡♣❡♥❞❡♠ "♦♠❡♥#❡ ❞❡ (x1, ..., xn) ∈ Ω✱

"❡♥❞♦ Ω ✉♠ ❞♦♠'♥✐♦ ❞❡ R
n
✳ ❆❧M♠ ❞✐""♦✱ A = (aij)i,j=1,...,n M ✉♠❛ ♠❛#2✐③ "✐♠M#2✐❝❛✳

❆❞♦#❛♠♦" ❛ "❡❣✉✐♥#❡ ❞❡✜♥✐9@♦ 5✉❡ ♣♦❞❡ "❡2 ❡♥❝♦♥#2❛❞❛ ❡♠ ❬✶✵❪✳

❉❡✜♥✐%&♦ ✸✳✶✳ ❉✐③❡♠♦& '✉❡ ♦ ♦♣❡*❛❞♦* L - ✉♥✐❢♦*♠❡♠❡♥0❡ ❡❧2♣0✐❝♦✱ &❡ ❡①✐&0❡ ✉♠❛ ❝♦♥&0❛♥0❡
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3
❞❡ p ❛♦ ♣❧❛♥♦✲xy " ♠❡♥♦' ❞♦ A✉❡ ♦✉

✐❣✉❛❧ ❛ 4RA✱ ♦♥❞❡ RA " ♦ '❛✐♦ ❞❛ M♥✐❝❛ ❡*❢❡'❛ (♦(❛❧♠❡♥(❡ ✉♠❜8❧✐❝❛ ❡♠ A✳

❯♥✐✈❡.$✐❞❛❞❡ ❋❡❞❡.❛❧ ❞♦ ❆♠❛③♦♥❛$ ✲ ❯❋❆▼



✸✳✷✳ ❊$%✐♠❛%✐✈❛$ ❞❡ ❛❧%✉.❛ ✹✽

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛ Σ ✉♠ ❣'(✜❝♦ ❞❡✜♥✐❞♦ ♥♦ ❞♦♠/♥✐♦ Ω ❞♦ ♣❧❛♥♦ P ✳ 3❡❧❛ ♣'♦♣♦4✐56♦ 3.1✱

Σ0 '❡♣'❡4❡♥8❛✱ ❛ 9♥✐❝❛ ❡4❢❡'❛ 8♦8❛❧♠❡♥8❡ ✉♠❜/❧✐❝❛ ❡♠ A✳ ❆❧=♠ ❞✐44♦✱ ❞❛❞♦ t ∈ R✱ 4❡❥❛♠ P (t)

♣❧❛♥♦4 ❤♦'✐③♦♥8❛✐4 ❞❡ R
3
✱ ❡♠ @✉❡ P = P (0) ❡ t = ❛ ❞✐48A♥❝✐❛ ❡♥8'❡ P ❡ P (t)✳

❆✜'♠❛♠♦4 @✉❡ ♣❛'❛ ❝❛❞❛ t > 2RA✱ ♦ ❞✐A♠❡8'♦ ❞❡ @✉❛❧@✉❡' ❝♦♠♣♦♥❡♥8❡ ❝♦♥❡①❛ ❧✐♠✐8❛❞❛

♣♦' Σ(t) = P (t) ∩ Σ = ♠❡♥♦' @✉❡ ♦✉ ✐❣✉❛❧ ❛ 2RA✳

❙✉♣♦♥❤❛♠♦4 ♣♦' ❛❜4✉'❞♦ @✉❡ 8❛❧ ❛✜'♠❛56♦ = ❢❛❧4❛✱ ❡♥86♦ ♣❛'❛ ❛❧❣✉♠❛ ❝♦♠♣♦♥❡♥8❡ ❝♦✲

♥❡①❛ C(t) ❞❡ Σ(t)✱ ❡①✐48❡♠ ♣♦♥8♦4 p ❡ q ♥♦ ✐♥8❡'✐♦' ❞❡ Ω(t) ♥♦ ♣❧❛♥♦ P (t) ❧✐♠✐8❛❞♦ ♣♦' C(t)

8❛❧ @✉❡ d(p, q) > 2RA✳

❙❡❥❛ β ✉♠❛ ❝✉'✈❛ ❡♠ Ω(t) ✉♥✐♥❞♦ p ❡ q✱ 8❛❧ @✉❡ β ❡ C(t) 46♦ ❞✐4❥✉♥8❛4✳ ❆❧=♠ ❞✐44♦✱ 4❡❥❛♠

Q ♦ ❞♦♠/♥✐♦ ❡♠ R
3
❧✐♠✐8❛❞♦ ♣♦' Σ ∪ Ω ❡ Π ♦ '❡8A♥❣✉❧♦ ❞❛❞♦ ♣♦'

Π = {αs(r) : s ∈ I, r ∈ [0, t]},

❡♠ @✉❡ I = ♦ ✐♥8❡'✈❛❧♦ ♦♥❞❡ β ❡48( ❞❡✜♥✐❞❛✱ ❡ αs = ❛ ❣❡♦❞=4✐❝❛ ♣❛'❛♠❡8'✐③❛❞❛ ♣❡❧♦ ❝♦♠♣'✐✲

♠❡♥8♦ ❞❡ ❛'❝♦ r✱ ❝♦♠ ❝♦♥❞✐5E❡4 ✐♥✐❝✐❛✐4 αs(0) = β(s) ❡ α′s(0) = −e3 = (0, 0,−1)✳ ❈♦♠♦ Σ =

✉♠ ❣'(✜❝♦ ❡ β ❡48( ❝♦♥8✐❞❛ ♥♦ ✐♥8❡'✐♦' ❞❡ Ω(t)✱ ❡♥86♦ Π ⊂ Q✳

❙❡❥❛ p̃ ∈ Π ✉♠ ♣♦♥8♦ ❝✉❥❛ ❞✐48A♥❝✐❛ ❛ ∂Π = ♠❛✐♦' ❞♦ @✉❡ RA✳ ❚❛❧ ♣♦♥8♦ ♥❡❝❡44❛'✐❛♠❡♥8❡

❡①✐48❡✱ ♣♦✐4 4❡ 8♦♠❛'♠♦4 p = αs(0) = β(s) 8❛❧ @✉❡ d(p, p̃) = d(p̃, q)✱ ❡♥86♦ d(p, p̃) + d(p̃, q) >

2RA✱ ❞♦♥❞❡ 4❡❣✉❡ ♦ '❡4✉❧8❛❞♦✳

❙❡❥❛ η(r) ✉♠❛ ❣❡♦❞=4✐❝❛ ❤♦'✐③♦♥8❛❧ ♣❛44❛♥❞♦ ♣♦' p̃✳ ❈♦♠♦ d(p̃, ∂Π) > RA✱ ❡♥86♦ ❝❛❞❛

♣♦♥8♦ ❞❡ η(r) ❡48( ❧♦♥❣❡ ❞❡ ∂Π ✉♠❛ ❞✐48A♥❝✐❛ ♠❛✐♦' @✉❡ RA✳ 3♦❞❡♠♦4 ❡4❝♦❧❤❡' ❛ '❡8❛

❤♦'✐③♦♥8❛❧ η = η(t1) ♥♦ ♣❧❛♥♦ P (t1) ❝♦♠♦ 8❛❧ ❣❡♦❞=4✐❝❛ @✉❡ ♣❛44❛ ♣♦' p̃ ❡ = ♦'8♦❣♦♥❛❧ ❛

❣❡♦❞=4✐❝❛ ❝♦♠ ✈❡8♦' ✈❡❧♦❝✐❞❛❞❡ α′s(0)✱ ❧✐❣❛♥❞♦ p ❡ q✳

❙❡❥❛♠ q0 ♦ ♣'✐♠❡✐'♦ ♣♦♥8♦ ❡♠ @✉❡ η ❡♥❝♦♥8'❛ Q ❡ q1 ♦ 9❧8✐♠♦✱ ❡ ❝♦♥4✐❞❡'❡♠♦4 ❡4❢❡'❛4

Σ0(t1) ∈ A ❝❡♥8'❛❞❛4 ❡♠ ❝❛❞❛ ♣♦♥8♦ ❞❡ η✱ ♦❜8✐❞❛4 ❞❛ ❡4❢❡'❛ '♦8❛❝✐♦♥❛❧ Σ0 ♣♦' ♠❡✐♦ ❞❡ 8'❛♥4✲

❧❛5E❡4 ❞❡ R
3
✳ ❊①✐48❡ ✉♠❛ ♣'✐♠❡✐'❛ ❡4❢❡'❛ Σ0(t

0
1) ♥❡48❛ ❢❛♠/❧✐❛✭♣'J①✐♠❛ ❞❡ q0✮ @✉❡ ❡♥❝♦♥8'❛

Σ ❡♠ ✉♠ ♣♦♥8♦ q̃0✳ ❙❡ ♦4 ✈❡8♦'❡4 ♥♦'♠❛✐4 ❞❡48❛4 4✉♣❡'❢/❝✐❡4 ❝♦✐♥❝✐❞❡♠ ♥❡48❡ ♣♦♥8♦✱ ❡♥86♦

Σ = Σ0(t
0
1)✱ ♣❡❧♦ ♣'✐♥❝/♣✐♦ ❞♦ ♠(①✐♠♦✱ ♦ @✉❡ = ✉♠ ❛❜4✉'❞♦✳

3♦' ♦✉8'♦ ❧❛❞♦✱ 4❡ ♦4 ✈❡8♦'❡4 ♥♦'♠❛✐4 46♦ ♦♣♦48♦4✱ ❡♥86♦ ❝♦♥4✐❞❡'❛♠♦4 ❛ ♣'✐♠❡✐'❛ ❡4❢❡'❛

Σ0(t
0
1) ❡♠ A ❡♥❝♦♥8'❛♥❞♦ Π ❡♠ ✉♠ ♣♦♥8♦ ✐♥8❡'✐♦' ❞❡ Π✱ ❡ ♣❛'❛ ❝❛❞❛ t1 > t01 ❞❡♥♦8❛♠♦4

♣♦' Σ̃0(t1) ❛ ♣❛'8❡ ❞❛ ❡4❢❡'❛ Σ0(t1) @✉❡ ♣❛44❛ ♣♦' Π✳ ❈♦♠♦ ❡44❛4 ❡4❢❡'❛4 ❞❡✐①❛♠ Q ❡♠ q1 ❡

♥❡♥❤✉♠❛ ❞❡44❛4 ❡4❢❡'❛4 ❡♥❝♦♥8'❛♠ ∂Π✱ ❡①✐48❡ ✉♠ ♣'✐♠❡✐'♦ ✈❛❧♦' r1 8❛❧ @✉❡ Σ0(r1) ❡♥❝♦♥8'❛

Σ ❡♠ ✉♠ ♣♦♥8♦ q̃0✱ ❡♠ @✉❡ ♦4 ✈❡8♦'❡4 ♥♦'♠❛✐4 ❝♦✐♥❝✐❞❡♠✳ ❆44✐♠✱ ♣❡❧♦ ♣'✐♥❝/♣✐♦ ❞♦ ♠(①✐♠♦✱

Σ = Σ0(r1)✱ ♦ @✉❡ = ✉♠❛ ❝♦♥8'❛❞✐56♦✳ 3♦'8❛♥8♦ ❛ ❛✜'♠❛56♦ ❢❡✐8❛ = 4❡♠♣'❡ ✈❡'❞❛❞❡✳

3♦' ✜♠✱ ✈❡'❡♠♦4 @✉❡ P (t) ∩ Σ = Σ(t) ♣❛'❛ t > 4RA✳ ▼❛4 ♣❛'❛ ✐44♦✱ ❜❛48❛ ♣'♦✈❛'♠♦4 ❛

4❡❣✉✐♥8❡ ❛✜'♠❛56♦✳

❆✜.♠❛34♦✳ ❙❡❥❛ Ω1 ✉♠❛ ❝♦♠♣♦♥❡♥8❡ ❝♦♥❡①❛ ❧✐♠✐8❛❞❛ ♣♦' Σ(2RA) = P (2RA) ∩ Σ✳ ❆
❞✐48A♥❝✐❛ ❞❡ @✉❛❧@✉❡' ♣♦♥8♦ ❡♠ Σ✭@✉❡ = ✉♠ ❣'(✜❝♦ 4♦❜'❡ Ω1✮ ❛♦ ♣❧❛♥♦ P (2RA) = ♠❡♥♦' @✉❡

♦✉ ✐❣✉❛❧ ❛♦ ❞✐A♠❡8'♦ ❞❡ Ω1✳

❙❡❥❛ σ ✉♠❛ '❡8❛ 4✉♣♦'8❡ ❞❡ ∂Ω1 ❡♠ P (2RA) ❝♦♠ ✈❡8♦' ♥♦'♠❛❧ ✉♥✐8('✐♦ ❡①8❡'✐♦' v✱ ❡

❯♥✐✈❡.$✐❞❛❞❡ ❋❡❞❡.❛❧ ❞♦ ❆♠❛③♦♥❛$ ✲ ❯❋❆▼



✸✳✷✳ ❊$%✐♠❛%✐✈❛$ ❞❡ ❛❧%✉.❛ ✹✾

 ♦♠❡♠♦$ η(r) ✉♠❛ ❣❡♦❞)$✐❝❛ ❝♦♠ η(0) ∈ σ ❡ η′(0) = 1√
2
(v + e3)✳ -❛.❛ ❝❛❞❛ r✱ ❝♦♥$✐❞❡.❛♠♦$

♦$ ♣❧❛♥♦$ Π(r) ❡♠ R
3

♣❛$$❛♥❞♦ ♣♦. η(r) ❡ ♦. ♦❣♦♥❛✐$ ❛ η′(r) = η(0)✳ ❆ ✐♥ ❡.$❡45♦ ❞❡  ❛✐$

♣❧❛♥♦$ ❝♦♠ ♦$ ♣❧❛♥♦$ ❤♦.✐③♦♥ ❛✐$ P (2RA) $5♦ .❡ ❛$ ♣❛.❛❧❡❧❛$ 8 σ✱ $❡♥❞♦

π
4

♦ 9♥❣✉❧♦ ❡♥ .❡

❡❧❡$✳

❙✉♣♦♥❤❛♠♦$ ;✉❡ ❛ ❛✜.♠❛45♦ ❞❛❞❛ ) ❢❛❧$❛✱ ❡♥ 5♦ ❡①✐$ ❡ ✉♠ ♣♦♥ ♦ p ∈ Σ✭❣.@✜❝♦ $♦❜.❡

Ω1✮  ❛❧ ;✉❡ $✉❛ ❞✐$ 9♥❝✐❛ ❛♦ ♣❧❛♥♦ P (2RA) ) ♠❛✐♦. ;✉❡ ♦ ❞✐9♠❡ .♦ ❞❡ Ω1✳ ❙❡❥❛ Σ1 ❛ ♣❛. ❡

❝♦♠♣❛❝ ❛ ❞♦ ❣.@✜❝♦ Σ $♦❜.❡ Ω1✳ -❛.❛ r $✉✜❝✐❡♥ ❡♠❡♥ ❡ ❣.❛♥❞❡✱ ♦❜$❡.✈❛♠♦$ ;✉❡ Π(r) ♥5♦

✐♥ ❡.❝❡♣ ❛ Σ1✳ ❆❧)♠ ❞✐$$♦✱ ♣❛.❛ r = 0✱ ♦ ♣❧❛♥♦ Π(0) ❝♦♥ )♠ ❛ .❡ ❛ $✉♣♦. ❡ σ✱ ❡ ❛ .❡✢❡①5♦ ❞❡ p

❝♦♠ .❡❧❛45♦ ❛ Π(0) ) ✉♠ ♣♦♥ ♦ ❝✉❥❛ ♣.♦❥❡45♦ ♦. ♦❣♦♥❛❧ ❡♠ P (2RA) ♥5♦ ❡$ @ ❡♠ Ω1✳ -♦. ❛♥ ♦✱

✉$❛♥❞♦ ♦ ♣.✐♥❝F♣✐♦ ❞❛ .❡✢❛①5♦ ❞❡ ❆❧❡①❛♥❞.♦✈ ♣❛.❛ ♦$ ♣❧❛♥♦$ Π(r)✱ ❝♦♠ r $✉✜❝✐❡♥ ❡♠❡♥ ❡

❣.❛♥❞❡✱ ❡①✐$ ❡ ✉♠ ♣.✐♠❡✐.♦ ✈❛❧♦. r0 > 0  ❛❧ ;✉❡ ♦✉ ❛ .❡✢❡①5♦ ❞❛ ♣❛. ❡ ❞❡ σ1 ;✉❡ ❡$ @ $♦❜.❡

Π(r) ❡♥❝♦♥ .❛ ♣.✐♠❡✐.♦ σ1 ❡♠ ✉♠ ♣♦♥ ♦ ✐♥ ❡.✐♦. ♦✉ ❛♠❜❛$ ❛$ $✉♣❡.❢F❝✐❡$ $5♦  ❛♥❣❡♥ ❡$ ❡♠

✉♠ ♣♦♥ ♦ ♥❛ ❢.♦♥ ❡✐.❛✱ ♠❛$ ✐$$♦ ) ✉♠❛ ❝♦♥ .❛❞✐45♦✱ ♣❡❧♦ ♣.✐♥❝F♣✐♦ ❞♦ ♠@①✐♠♦✳ �

❈♦♠♦ ❝♦♥$❡;✉H♥❝✐❛ ❞♦ .❡$✉❧ ❛❞♦ ❛♥ ❡.✐♦. ❡ ❞♦ ♠) ♦❞♦ ❞❡ ❆❧❡①❛♥❞.♦✈✱ ❡$ ✐♠❛♠♦$ ❛ ❞✐$✲

 9♥❝✐❛ ♠@①✐♠❛ ❛ ✐♥❣✐❞❛ ♣♦. ✉♠❛ $✉♣❡.❢F❝✐❡ ❝♦♠♣❛❝ ❛ ❡ ♠❡.❣✉❧❤❛❞❛ Σ✱ ❝✉❥❛ ❢.♦♥ ❡✐.❛ ❡$ @

❝♦♥ ✐❞❛ ❡♠ ✉♠ ♣❧❛♥♦✳

❈♦.♦❧3.✐♦ ✸✳✷✳ ❙❡❥❛ A ✉♠❛ ❢❛♠'❧✐❛ ❞❡ +✉♣❡-❢'❝✐❡+ ❡♠ R
3
✱ +❛0✐+❢❛③❡♥❞♦ ♦ ♣-✐♥❝'♣✐♦ ❞♦ ♠4✲

①✐♠♦ ❞❡ ❍♦♣❢✳ ❊♥0:♦ ❝❛❞❛ +✉♣❡-❢'❝✐❡ ❝♦♠♣❛❝0❛ ❡ ♠❡-❣✉❧❤❛❞❛ Σ ∈ A✱ ❝✉❥❛ ❢-♦♥0❡✐-❛ ❡+04

❝♦♥0✐❞❛ ❡♠ ✉♠ ♣❧❛♥♦ P ✱ ✈❡-✐✜❝❛ ?✉❡ ♣❛-❛ ❝❛❞❛ p ∈ Σ✱ ❛ ❞✐+0@♥❝✐❛ ❡♠ R
3
❞❡ p ❛♦ ♣❧❛♥♦ P A

♠❡♥♦- ❞♦ ?✉❡ ♦✉ ✐❣✉❛❧ ❛ 8RA✱ ♦♥❞❡ RA A ♦ -❛✐♦ ❞❛ B♥✐❝❛ ❡+❢❡-❛ 0♦0❛❧♠❡♥0❡ ✉♠❜'❧✐❝❛ ❝♦♥0✐❞❛

❡♠ A✳

❉❡♠♦♥+0-❛E:♦✳ ❙❡❥❛ p ∈ Σ  ❛❧ ;✉❡ d(p, P ) ≥ d(x, P )✱ ∀x ∈ Σ✳ ❚❛❧ ♣♦♥ ♦ ♥❡❝❡$$❛.✐❛♠❡♥ ❡

❡①✐$ ❡✱ ♣♦✐$ Σ ) ❝♦♠♣❛❝ ❛✳

❙❡❥❛ P (t) ❛ ❢♦❧❤❡❛45♦ ❞❡ ♣❧❛♥♦$ ♣❛.❛❧❡❧♦$ ❛ P ✱ ❝♦♠ P (0) = P ✳ -❛.❛ t ∈
(
h
2
, h

]
✱ ❝♦♥$✐❞❡✲

.❡♠♦$ Σ̃+(t) ❛ .❡✢❡①5♦ ❞❡ Σ+(t)✱ ❝♦♠ .❡❧❛45♦ ❛ P (t)✳

❆✜.♠❛67♦✳ Σ+
(
h
2

)
✭♣❛. ❡ ❞❡ Σ ;✉❡ ❡$ @ $♦❜.❡ ♦ ♣❧❛♥♦ P

(
h
2

)
✮ ) ✉♠ ❣.@✜❝♦ ❡♠ ✉♠

❞♦♠F♥✐♦ ❞❡$ ❡ ♣❧❛♥♦✳

❙❡ ❛ ❛✜.♠❛45♦ ) ❢❛❧$❛✱ ❡①✐$ ❡ t ∈
(
h
2
, h

]
 ❛❧ ;✉❡ Σ−(t) ❡ Σ̃+(t) $5♦  ❛♥❣❡♥ ❡$ ❡♠ ✉♠

♣♦♥ ♦ ❞❛ ❢.♦♥ ❡✐.❛✳ -❡❧♦ ♣.✐♥❝F♣✐♦ ❞♦ ♠@①✐♠♦✱ P (t) ) ✉♠ ♣❧❛♥♦ ❞❡ $✐♠❡ .✐❛ ❞❡ Σ✳ ▼❛$ ✐$$♦

) ✐♠♣♦$$F✈❡❧✱ ♣♦✐$ ♥❡$ ❡ ❝❛$♦✱ Σ ) ✉♠❛ $✉♣❡.❢F❝✐❡ ❝♦♠♣❛❝ ❛ $❡♠ ❜♦.❞♦✳

▲♦❣♦✱ Σ+
(
h
2

)
) ✉♠ ❣.@✜❝♦ ❡♠ ✉♠ ❞♦♠F♥✐♦ ❞❡ P

(
h
2

)
✳ ❉❛F✱ ♣❡❧♦  ❡♦.❡♠❛ 3.3✱ d(p, P

(
h
2

)
) ≤

4RA✱ ∀p ∈ Σ
(
h
2

)
✱ ❞♦♥❞❡ d(p, P ) ≤ 8RA✱ ∀p ∈ Σ✳ �

✸✳✷✳✶ ❙✉♣❡(❢*❝✐❡- ❞❡ ❲❡✐♥❣❛(3❡♥ ❊-♣❡❝✐❛✐- ❊❧*♣3✐❝❛-

❯♠ ❝❛$♦ ♣❛. ✐❝✉❧❛. ❞❡ ❢❛♠F❧✐❛ ❞❡ $✉♣❡.❢F❝✐❡$ ;✉❡ $❛ ✐$❢❛③ ♦ ♣.✐♥❝F♣✐♦ ❞♦ ♠@①✐♠♦ ❞❡ ❍♦♣❢✱

) ❛ ❞❡ $✉♣❡.❢F❝✐❡$ ❞❡ ❲❡✐♥❣❛. ❡♥ ❡$♣❡❝✐❛✐$ ❡❧F♣ ✐❝❛$ ❡♠ R
3

❝♦♠ ❝✉.✈❛ ✉.❛ ♠)❞✐❛ ❝♦♥$ ❛♥ ❡

♥5♦ ♥✉❧❛ ✭♣❛.❛ ❞❡ ❛❧❤❡$ ✈❡. ❬✹❪✮✳ ❆ ♣❛. ✐. ❞❡ ❛❣♦.❛✱ ❞❛.❡♠♦$ ✉♠❛ ❛♣❧✐❝❛45♦ ❞❛  ❡♦.✐❛ ❞❡

♣❛.❡$ ❞❡ ❈♦❞❛③③✐ ♣❛.❛ ❡$ ❛ ❝❧❛$$❡ ❞❡ $✉♣❡.❢F❝✐❡$✳

❯♥✐✈❡.$✐❞❛❞❡ ❋❡❞❡.❛❧ ❞♦ ❆♠❛③♦♥❛$ ✲ ❯❋❆▼



✸✳✷✳ ❊$%✐♠❛%✐✈❛$ ❞❡ ❛❧%✉.❛ ✺✵

❉❡✜♥✐45♦ ✸✳✸✳ ❙❡❥❛ Σ ✉♠❛ &✉♣❡(❢*❝✐❡ ❞❡ R
3
❡ f : [0,+∞) → R ✉♠❛ ❢✉♥/0♦ ❞✐❢❡(❡♥❝✐2✈❡❧✳

❉✐③❡♠♦& 8✉❡ Σ 9 ✉♠❛ &✉♣❡(❢*❝✐❡ ❞❡ ❲❡✐♥❣❛(<❡♥ ❡&♣❡❝✐❛❧ ❝♦♠ (❡&♣❡✐<♦ ❛ f ✱ &❡ &✉❛& ❝✉(✈❛<✉(❛&

♠9❞✐❛ H ❡ ●❛✉&&✐❛♥❛ K✱ &❛<✐&❢❛③❡♠ H = f(H2 −K)✳

❉❡✜♥✐45♦ ✸✳✹✳ ❙❡❥❛ Σ ✉♠❛ &✉♣❡(❢*❝✐❡ ❞❡ ❲❡✐♥❣❛(<❡♥ ❡&♣❡❝✐❛❧ &❛<✐&❢❛③❡♥❞♦ H = f(H2−K)✱

❡♠ 8✉❡ f ❡&<2 ❞❡✜♥✐❞❛ ❡♠ [0, a), 0 < a ≤ ∞✳ ❉✐③❡♠♦& 8✉❡ Σ 9 ❡❧*♣<✐❝❛ 8✉❛♥❞♦ 4tf ′(t)2 < 1✱

∀ t ∈ [0, a)✳

❊♠ "❡$♠♦& ❞❡ ♣❛$❡& ❞❡ ❈♦❞❛③③✐✱ ❛ ❞❡✜♥✐01♦ ❛♥"❡$✐♦$ &❡ ❡&❝$❡✈❡ ❞❛ &❡❣✉✐♥"❡ ♠❛♥❡✐$❛✳

❉❡✜♥✐45♦ ✸✳✺✳ ❙❡❥❛ (I, II) ✉♠ ♣❛( ❞❡ ❈♦❞❛③③✐ ❡♠ Σ✳ ❙❡ ❛& ❝✉(✈❛<✉(❛& ♠9❞✐❛ ❡ ●❛✉&&✐❛♥❛✱

H ❡ K✱ &❛<✐&❢❛③❡♠ H = f(H2−K)✱ ❡♠ 8✉❡ f 9 ✉♠❛ ❢✉♥/0♦ ❞✐❢❡(❡♥❝✐2✈❡❧ ❞❡✜♥✐❞❛ ❡♠ [0, a)✱

0 < a ≤ ∞ ❡ 4tf ′(t)2 < 1✱ ∀ t ∈ [0, a)✱ ❞✐③❡♠♦& 8✉❡ ♦ ♣❛( (I, II) 9 ✉♠ ♣❛( ❞❡ ❲❡✐♥❣❛(<❡♥

❡&♣❡❝✐❛❧ ❡❧*♣<✐❝♦✳

❊①❡♠♣❧♦ ✸✳✶✳ ❊♠ ❬✹❪✱ ❋❛❜✐❛♥♦ ●✳ ❇✳ ❇(✐<♦ ❡ ❘✐❝❛(❞♦ ❙2 ❊❛(♣✱ ♣(♦✈❛(❛♠ 8✉❡ ❞✉❛& &✉♣❡(✲

❢*❝✐❡& ❞❡ ❲✐❡♥❣❛(<❡♥ ❡&♣❡❝✐❛✐& ❡❧*♣<✐❝❛& &❛<✐&❢❛③❡♠ ♦ ♣(✐♥❝*♣✐♦ ❞♦ ♠2①✐♠♦ ❞❡ ❍♦♣❢✳

❏8 ❡♠ ❬✷✵❪✱ ❘♦&❡♥❜❡$❣ ❡ ❙❛ ❊❛$♣ ♣$♦✈❛$❛♠ ♦ ❚❡♦$❡♠❛ 3.4 ❛❜❛✐①♦✱ ♣❛$❛ &✉♣❡$❢C❝✐❡& ❞❡

❲❡✐♥❣❛$"❡♥ ❡&♣❡❝✐❛✐& ❡❧C♣"✐❝❛& &❛"✐&❢❛③❡♥❞♦ ♦ ♣$✐♥❝C♣✐♦ ❞♦ ♠8①✐♠♦ ❞❡ ❍♦♣❢ ❡ ❡&"✐♠❛"✐✈❛&

❞❡ ❛❧"✉$❛✳ ❯♠❛ ♦✉"$❛ ❞❡♠♦♥&"$❛01♦ ❞❡&"❡ "❡♦$❡♠❛✱ ♣♦❞❡ &❡$ ❡♥❝♦♥"$❛❞❛ ❡♠ ❬✶✻❪✱ ♣❛$❛ ✉♠❛

❢❛♠C❧✐❛ J✉❛❧J✉❡$ ❞❡ &✉♣❡$❢C❝✐❡& &❛"✐&❢❛③❡♥❞♦ ♦ ♣$✐♥❝C♣✐♦ ❞♦ ♠8①✐♠♦ ❞❡ ❍♦♣❢✳

❚❡♦.❡♠❛ ✸✳✹✳ ❙❡❥❛ A ✉♠❛ ❢❛♠*❧✐❛ ❞❡ &✉♣❡(❢*❝✐❡& ❡♠ R
3
&❛<✐&❢❛③❡♥❞♦ ♦ ♣(✐♥❝*♣✐♦ ❞♦ ♠2①✐♠♦

❞❡ ❍♦♣❢✳ ❊♥<0♦✱

• A ♥0♦ ❝♦♥<9♠ ✉♠❛ &✉♣❡(❢*❝✐❡ ♠❡(❣✉❧❤❛❞❛ ❤♦♠❡♦♠♦(❢❛ ❛♦ ♣❧❛♥♦✳

• ❯♠❛ &✉♣❡(❢*❝✐❡ Σ ∈ A ❝♦♠ ❞♦✐& ✜♥& 9 ✉♠❛ &✉♣❡(❢*❝✐❡ (♦<❛❝✐♦♥❛❧ ❝♦♥<✐❞❛ ❡♠ ✉♠ ❝✐❧✐♥❞(♦

❞❡ R
3
✳

❖ ❧❡♠❛ ❛❜❛✐①♦ L ❢✉♥❞❛♠❡♥"❛❧ ♣❛$❛ ❞❡♠♦♥&"$❛$ ♦ "❡♦$❡♠❛ ♣$✐♥❝✐♣❛❧ ❞❡&"❡ ❝❛♣C"✉❧♦✱ J✉❡

"$❛"❛ ❞❛ ❝❧❛&&✐✜❝❛01♦ ❞❡ &✉♣❡$❢C❝✐❡& ❞❡ ❲❡✐♥❣❛$"❡♥ ❝♦♠♣❧❡"❛& ❡ ♠❡$❣✉❧❤❛❞❛& ❡♠ R
3
✳

▲❡♠❛ ✸✳✷✳ ❙❡❥❛ (I, II) ✉♠ ♣❛( ❞❡ ❲❡✐♥❣❛(<❡♥ ❡&♣❡❝✐❛❧ ❡❧*♣<✐❝♦ ❡♠ ✉♠❛ &✉♣❡(❢*❝✐❡ Σ✱ ❝♦♠

❝✉(✈❛<✉(❛& ♠9❞✐❛ ❡ ●❛✉&&✐❛♥❛ H ❡ K✱ (❡&♣❡❝<✐✈❛♠❡♥<❡✳ ❙❡ H2−K 6= 0 ❡♠ Σ✱ ❡♥<0♦ ❛ ♥♦✈❛

♠9<(✐❝❛ g0 =
√
H2 −KA 9 ✉♠❛ ♠9<(✐❝❛ ♣❧❛♥❛ ❡♠ Σ✱ ♦♥❞❡ A 9 ❞❛❞❛ ❡♠ ✭✷✳✸✹✮ ❡♠ <❡(♠♦&

❞❛ ♣(✐♠✐<✐✈❛ ϕ ❞❡ 2f ′(t2)✳ ❆&&✐♠✱ &❡ I 9 ❝♦♠♣❧❡<❛ ❡ H2 −K ≥ c0 > 0✱ ❡♥<0♦ ❛ ♠9<(✐❝❛ g0

9 ❝♦♠♣❧❡<❛✳ ❊♠ ♣❛(<✐❝✉❧❛(✱ Σ ❝♦♠ ❛ ❡&<(✉<✉(❛ ❝♦♥❢♦(♠❡ ❞❛❞❛ ♣♦( A✭♦✉ ♣♦( g0✮ 9 ♦ ♣❧❛♥♦

❝♦♠♣❧❡①♦✱ ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❢✉(❛❞♦ ♦✉ ♦ <♦(♦✳

❉❡♠♦♥&<(❛/0♦✳ N❡❧♦ ❈♦$♦❧8$✐♦ 2.8✱ &❛❜❡♠♦& J✉❡ 2|Q| = tA✱ ❡♠ J✉❡ t =
√
H2 −K ❡ Q

L ✉♠❛ ❢♦$♠❛ J✉❛❞$8"✐❝❛ ❤♦❧♦♠♦$❢❛ ♣❛$❛ A✳ ❆&&✐♠✱ ❝♦♠♦ q = H2 − K 6= 0 ❡♠ Σ✱ ❡♥"1♦

g0 = tA = 2|Q| L ✉♠❛ ♠L"$✐❝❛ ♣❧❛♥❛ ❜❡♠ ❞❡✜♥✐❞❛ ❡♠ Σ✱ ♣♦✐& ♣♦❞❡♠♦& "♦♠❛$ ✉♠ ♣❛$P♠❡"$♦

❝♦♥❢♦$♠❡ ❧♦❝❛❧ z "❛❧ J✉❡ 2Qdz2 = dz2✱ ❞♦♥❞❡ g0 = |dz|2✳

❯♥✐✈❡.$✐❞❛❞❡ ❋❡❞❡.❛❧ ❞♦ ❆♠❛③♦♥❛$ ✲ ❯❋❆▼



✸✳✷✳ ❊$%✐♠❛%✐✈❛$ ❞❡ ❛❧%✉.❛ ✺✶

❆❣♦#❛✱ ✈❛♠♦( ♠♦()#❛# *✉❡ g0 - ✉♠❛ ♠-)#✐❝❛ ❝♦♠♣❧❡)❛✱ (❡♥❞♦ I ❝♦♠♣❧❡)❛✳

❈♦♠ ❡❢❡✐)♦✱ ❞♦ ❝♦#♦❧7#✐♦ 2.8✱ )❡♠♦(

|I| = | coshϕA− sinhϕ(t)

t
(Q+Q)|

≤ | coshϕ(t)||A|+ | sinhϕ(t)|
( |Q|
|t| +

|Q|
|t|

)

≤ | coshϕ(t)||A|+ | coshϕ(t)||A|.

▲♦❣♦✱

I ≤ 2 coshϕ(t)A ✭✸✳✶✮

=♦# ♦✉)#♦ ❧❛❞♦✱ ❝♦♠♦ (I, II) - ✉♠ ♣❛# ❞❡❲❡✐♥❣❛#)❡♥ ❡(♣❡❝✐❛❧ ❡❧?♣)✐❝♦✱ (❡❣✉❡ *✉❡ 4t2f ′(t2)2 <

1✳ ❆((✐♠✱ t2ϕ′(t)2 < 1✱ ✈✐()♦ *✉❡ ϕ′(t) = 2f ′(t2)✱ ♦✉ ❞❡ ❢♦#♠❛ ❡*✉✐✈❛❧❡♥)❡ |ϕ′(t)| < 1
t
✱ ❝✉❥❛

✐♥)❡❣#❛❧ - |ϕ(t)| < | log t|✳
❖❜(❡#✈❛♠♦( *✉❡

coshϕ(t) ≤ cosh log t =
elog t + e− log t

2
=

t+ 1/t

2
=

t2 + 1

2t
= t

t2 + 1

2t2
.

▼❛(

t2 + 1

2t2
≤ c0 + 1

2c0
✱ ♣♦✐( t ≥ √c0✳ ▲♦❣♦✱ coshϕ(t) ≤ tδ0✱ ♦♥❞❡ δ0 =

c0 + 1

2c0
✳

=♦# ✜♠✱ ❞❡ ✭✸✳✶✮✱ (❡❣✉❡ *✉❡

1

2δ0
I ≤ g0.

▲♦❣♦✱ g0 - ✉♠❛ ♠-)#✐❝❛ ♣❧❛♥❛ ❝♦♠♣❧❡)❛✱ ♣♦✐( I - ❝♦♠♣❧❡)❛✳ =♦#)❛♥)♦ ♦ #❡❝♦❜#✐♠❡♥)♦

✉♥✐✈❡#(❛❧ ❘✐❡♠❛♥♥✐❛♥♦ ❞❡ Σ ♣❛#❛ ❛ ♠-)#✐❝❛ g0 - ♦ ♣❧❛♥♦ ❊✉❝❧✐❞✐❛♥♦✳ ❉❛?✱ Σ - ❝♦♥❢♦#♠❡♠❡♥)❡

❡*✉✐✈❛❧❡♥)❡ ❛♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✱ ❛♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❢✉#❛❞♦ ♦✉ ❛♦ )♦#♦✭✈❡# ❬✶✶❪✮✳ �

❖❜$❡.✈❛34♦ ✸✳✷✳ ❙❡❥❛♠ (M, g1) ❡ (M, g2) ✈❛&✐❡❞❛❞❡) ❘✐❡♠❛♥♥✐❛♥❛)✳ ❙❡ (M, g2) - ❝♦♠♣❧❡2❛

❡ ❡①✐)2❡ ✉♠❛ ❝♦♥)2❛♥2❡ c 2❛❧ 5✉❡ g1 ≥ cg2✱ ❡♥27♦ (M, g1) - ❝♦♠♣❧❡2❛✳

❖ K❧)✐♠♦ )❡♦#❡♠❛ ❞❡()❡ )#❛❜❛❧❤♦ - ✉♠ ❢❛)♦ ❝♦♥❤❡❝✐❞♦ ♣❛#❛ (✉♣❡#❢?❝✐❡( ❝♦♠ ❝✉#✈❛)✉#❛

♠-❞✐❛ ❝♦♥()❛♥)❡✳ ❱❡# ♣♦# ❡①❡♠♣❧♦ ❬✶✹❪ ❡ ❬✶✺❪ ✱ *✉❡ ♠♦()#❛♠ *✉❡ ✉♠❛ (✉♣❡#❢?❝✐❡ ❝♦♠♣❧❡)❛

❡♠ R
3
✱ ❝♦♠ ❝✉%✈❛(✉%❛ ♠)❞✐❛ ❝♦♥-(❛♥(❡ ♥/♦ ♥✉❧❛ ❡ ❝✉%✈❛(✉%❛ ●❛✉--✐❛♥❛ 2✉❡ ♥/♦ ♠✉❞❛ ❞❡

-✐♥❛❧ ) ✉♠❛ ❡-❢❡%❛ ♦✉ ✉♠ ❝✐❧✐♥❞%♦ ❝✐%❝✉❧❛% %❡(♦✳ ◆♦ ❝❛-♦ ❡♠ 2✉❡ ❛ ❝✉%✈❛(✉%❛ ♠)❞✐❛ ) ♥✉❧❛✱

❛ -✉♣❡%❢7❝✐❡ ❝♦♠♣❧❡(❛ ) ✉♠❛ -✉♣❡%❢7❝✐❡ ♠7♥✐♥❛✱ (❛❧ -✉♣❡%❢7❝✐❡ (❡♠ ❝✉%✈❛(✉%❛ ●❛✉--✐❛♥❛ ♥/♦✲

♣♦-✐(✐✈❛ ❡♠ (♦❞♦- ♦- -❡✉- ♣♦♥(♦-✳ ❱❡❥❛♠♦- ❛❣♦%❛ ❡-(❡ %❡-✉❧(❛❞♦✱ ✉-❛♥❞♦ ♣❛%❡- ❞❡ ❲❡✐♥❣❛%(❡♥

❡-♣❡❝✐❛✐- ❡❧7♣(✐❝♦-✱ ❝♦♠♦ ❢❡%%❛♠❡♥(❛ ♣%✐♥❝✐♣❛❧✳

❚❡♦#❡♠❛ ✸✳✺✳ ❙❡❥❛ Σ ✉♠❛ &✉♣❡(❢*❝✐❡ ❞❡ ❲❡✐♥❣❛(1❡♥ ❡&♣❡❝✐❛❧ ❡❧*♣1✐❝❛ ❡♠ R
3
&❛1✐&❢❛③❡♥❞♦

H = f(H2 −K)✳ ❙✉♣♦♥❤❛♠♦& 7✉❡ &✉❛ ❝✉(✈❛1✉(❛ ●❛✉&&✐❛♥❛ ♥:♦ ♠✉❞❛ ❞❡ &✐♥❛❧✳

✶✳ ❙❡ Σ < ❝♦♠♣❧❡1❛ ❡ K ≥ 0 ❡♠ 1♦❞♦& ♦& ♣♦♥1♦& ❞❡&&❛ &✉♣❡(❢*❝✐❡✱ ❡♥1:♦ Σ < ✉♠❛ ❡&❢❡(❛

1♦1❛❧♠❡♥1❡ ✉♠❜*❧✐❝❛✱ ✉♠ ♣❧❛♥♦ ♦✉ ✉♠ ❝✐❧✐♥❞(♦ ❝✐(❝✉❧❛( (❡1♦✳

❯♥✐✈❡#-✐❞❛❞❡ ❋❡❞❡#❛❧ ❞♦ ❆♠❛③♦♥❛- ✲ ❯❋❆▼
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✷✳ ❙❡ Σ $ ♣&♦♣&✐❛♠❡♥,❡ ♠❡&❣✉❧❤❛❞❛✱ ❡ K ≤ 0 ❡♠ ,♦❞♦3 ♦3 ♣♦♥,♦3 ❞❡33❛ 3✉♣❡&❢5❝✐❡✱ ❡♥,7♦

Σ ♦✉ $ ✉♠ ❝✐❧✐♥❞&♦ ❝✐&❝✉❧❛& &❡,♦ ♦✉ ✉♠❛ 3✉♣❡&❢5❝✐❡ ♠5♥✐♠❛ ✭✐3,♦ $✱ f(0) = 0✮✳

❉❡♠♦♥3,&❛;7♦✳ ◆♦ ❝❛$♦ 1✱ $❡ K = 0✱ ❡♥()♦ H = f(H2)✳ ❈♦♥$✐❞❡.❛♥❞♦ ❛ ❢✉♥1)♦ g(t) =

t − f(t2)✱ $❡❣✉❡ 3✉❡ g(H) = H − f(H2) = 0 ❡ g′(t) = 1 − 2tf ′(t2)✳ ▼❛$ Σ 5 ✉♠❛ $✉♣❡.❢8❝✐❡

❞❡ ❲❡✐♥❣❛.(❡♥ ❡$♣❡❝✐❛❧ ❡❧8♣(✐❝❛✱ ❧♦❣♦ ❞❡ (2tf ′(t2))2 = 4t2f ′(t2)2 < 1✱ $❡❣✉❡ 3✉❡ g′(t) = 1 −
2tf ′(t2) > 0✳ ❈♦♥❝❧✉8♠♦$ 3✉❡ g 5 ✉♠❛ ❢✉♥1)♦ ❡$(.✐(❛♠❡♥(❡ ❝.❡$❝❡♥(❡✳ ❆❧5♠ ❞✐$$♦✱ ♦❜$❡.✈❛♠♦$

3✉❡ H 5 ♦ ③❡.♦ ❞❛ ❢✉♥1)♦ g✱ ❝♦♥$❡3✉❡♥(❡♠❡♥(❡ H 5 ❝♦♥$(❛♥(❡✳

❙❡ f(0) = 0✭H = 0✮✱ ❡ ✉$❛♥❞♦ ♦ ❢❛(♦ ❞❡ Σ $❡. ❝♦♠♣❧❡(❛ ❝♦♠ K = 0✱ ♦❜(❡♠♦$ 3✉❡ Σ 5

✉♠ ♣❧❛♥♦✳ B♦. ♦✉(.♦ ❧❛❞♦✱ $❡ f(0) 6= 0✭H 6= 0✮✱ ❡♥()♦ ♥♦✈❛♠❡♥(❡ ✉$❛♥❞♦ ♦ ❢❛(♦ ❞❡ Σ $❡.

❝♦♠♣❧❡(❛ ❡ K = 0✱ $❡❣✉❡ 3✉❡ Σ 5 ✉♠ ❝✐❧✐♥❞.♦ ❝✐.❝✉❧❛. .❡(♦✳

❆❣♦.❛✱ $❡ ❡①✐$(❡ ✉♠ ♣♦♥(♦ p ∈ Σ✱ ❝♦♠ K(p) > 0✱ ❡♥()♦ ♦✉ Σ 5 ❤♦♠❡♦♠♦.❢❛ ❛ ✉♠❛ ❡$❢❡.❛

♦✉ 5 ❝♦♠♣❧❡(❛ ❡ ♠❡.❣✉❧❤❛❞❛ ❤♦♠❡♦♠♦.❢❛ ❛♦ ♣❧❛♥♦✭✈❡.❬✶✸❪✮✳ ❆❧5♠ ❞✐$$♦ f(0) 6= 0✭✈❡.❬✷✶❪✮✳

▼❛$ ♦ $❡❣✉♥❞♦ ❝❛$♦ ♥)♦ 5 ♣♦$$8✈❡❧✱ ♣❡❧♦ ❚❡♦.❡♠❛ 3.4✱ ♣♦✐$ Σ 5 ✉♠❛ $✉♣❡.❢8❝✐❡ ❞❡ ❲✐❡♥❣❛.(❡♥

❡$♣❡❝✐❛❧ ❡❧8♣(✐❝❛✳ ▲♦❣♦ Σ 5 ❤♦♠❡♦♠♦.❢❛ ❛ ✉♠❛ ❡$❢❡.❛✳

❈♦♥$✐❞❡.❛♥❞♦ ❛ ❢✉♥1)♦ ❞✐❢❡.❡♥❝✐L✈❡❧ W (x, y) = x− f(x2 − y)✱ (❡♠♦$ 3✉❡

Wx(x, y) = 1− 2xf ′(x2 − y) ❡ Wy(x, y) = f ′(x2 − y).

❆$$✐♠✱

Wx(t, t
2) + 2tWy(t, t

2) = 1, ∀t.

❈♦♠♦ Σ 5 ❤♦♠❡♦♠♦.❢❛ ❛ ✉♠❛ ❡$❢❡.❛✱ ❝♦♥❝❧✉8♠♦$ 3✉❡ Σ 5 ✉♠❛ ❡$❢❡.❛ (♦(❛❧♠❡♥(❡ ✉♠❜8❧✐❝❛✱

♣❡❧♦ ❚❡♦.❡♠❛ 2.2✳

◆♦ ❝❛$♦ 2✱ $❡♥❞♦ K ≤ 0✱ ❡♥()♦

0 ≥ K = H2 − (H2 −K) = f(H2 −K)2 − (H2 −K). ✭✸✳✷✮

❙❡ f(0) 6= 0✱ ❝♦♠♦ ❛ ❢✉♥1)♦ f(s)2 − s 5 ❝♦♥(8♥✉❛ ♣❛.❛ s ≥ 0 ❡ 5 ♣♦$✐(✐✈❛ ❡♠ s = 0✱ ❡♥()♦

❡①✐$(❡ s0 > 0 (❛❧ 3✉❡ f(s)2 − s > 0 ♣❛.❛ s ∈ [0, s0]✳ ❈♦♥$❡3✉❡♥(❡♠❡♥(❡ H2 −K ≥ s0 > 0 ❡♠

Σ✱ ♣♦. ✭✸✳✷✮✳ ❉❛8✱ ♣❡❧♦ ▲❡♠❛ 3.2✱ Σ 5 ❤♦♠❡♦♠♦.❢❛ ❛♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✱ ❛♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦

❢✉.❛❞♦ ♦✉ ❛♦ (♦.♦✳ ❯$❛♥❞♦ ♥♦✈❛♠❡♥(❡ ♦ ❚❡♦.❡♠❛ 3.4✱ Σ ♥)♦ ♣♦❞❡ $❡. ❤♦♠❡♦♠♦.❢❛ ❛♦ ♣❧❛♥♦✳

❆❧5♠ ❞✐$$♦✱ ❝♦♠♦ (♦❞❛ $✉♣❡.❢8❝✐❡ ❝♦♠♣❛❝(❛ ❡♠ R
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♣♦$$✉✐ ♣♦♥(♦$ ❝♦♠ ❝✉.✈❛(✉.❛ ●❛✉$$✐❛♥❛

♣♦$✐(✐✈❛✱ ❡♥()♦ Σ (❛♠❜5♠ ♥)♦ ♣♦❞❡ $❡. ❤♦♠❡♦♠♦.❢❛ ❛♦ (♦.♦✳ ▲♦❣♦ Σ 5 ❤♦♠❡♦♠♦.❢❛ ❛♦ ♣❧❛♥♦

❝♦♠♣❧❡①♦ ❢✉.❛❞♦✱ ❡ ♣❡❧♦ ❚❡♦.❡♠❛ 3.4✱ Σ 5 ✉♠❛ $✉♣❡.❢8❝✐❡ ❞❡ .♦(❛1)♦ ❡ ❡$(L ❝♦♥(✐❞❛ ❡♠ ✉♠

❝✐❧✐♥❞.♦ C ❞❡ R
3
✳

B♦. ✜♠✱ ✈❛♠♦$ ♠♦$(.❛. 3✉❡ Σ 5 ✉♠ ❝✐❧✐♥❞.♦ ❝✐.❝✉❧❛. .❡(♦✳

❉❡ ❢❛(♦✱ ❛ ♠❡♥♦$ ❞❡ ✐$♦♠❡(.✐❛ ❞❡ R
3
✱ ♣♦❞❡♠♦$ $✉♣♦. 3✉❡ Σ 5 ✉♠❛ $✉♣❡.❢8❝✐❡ ❞❡ .♦(❛1)♦

❝♦♠ .❡$♣❡✐(♦ ❛♦ ❡✐①♦ z✳ ❙❡❥❛ α = Σ ∩ {(x, y, z) ∈ R
3 : x > 0, y = 0} ❛ ❝✉.✈❛ ❣❡.❛(.✐③ ❞❡ Σ✳

❙❡❣✉❡ 3✉❡ α 5 ✉♠❛ ❧✐♥❤❛ ❞❡ ❝✉.✈❛(✉.❛✱ ❝✉❥❛ ❝✉.✈❛(✉.❛ kα ♥)♦ ♠✉❞❛ ❞❡ $✐♥❛❧ ♥♦ ♣❧❛♥♦ y = 0✱

♣♦✐$ K ≤ 0✳ ❆$$✐♠✱ α 5 ✉♠❛ ❝✉.✈❛ ❝♦♥✈❡①❛✳

❖❜$❡.✈❛♠♦$ 3✉❡ α ❡$(L ❝♦♥(✐❞❛ ♥✉♠❛ ❢❛✐①❛ ❞❡(❡.♠✐♥❛❞❛ ♣❡❧♦ ❡✐①♦ z ❡ ♣❡❧❛ .❡(❛ ♣❛.❛❧❡❧❛
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❛ C ∩ {(x, y, z) ∈ R
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